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 INTERNATIONAL ECONOMIC REVIEW
 Vol. 24, No. 1, February, 1983

 INTERGENERATIONAL EQUITY AND EFFICIENT

 ALLOCATION OF EXHAUSTIBLE RESOURCES*

 BY SWAPAN DASGUPTA AND TAPAN MITRA'

 1. INTRODUCTION

 A problem of lonig-standing interest in intertemporal welfare economics is

 whether an appropriate concept of intergenerational equity is compatible with

 efficient allocation of resources.

 In a model with exhaaustible resources, Solow [1974] has interpreted inter-

 generational equity to mean equal consumption per capita at each date. The

 problem is to.find a path (given arbitrary initial conditions) which is equitable in

 this sense, and is also intertemporally efficient. If there exists such a path, then

 clearly there is no conflict between equity and efficiency. Furthermore, such a

 path has an additional feature, namely it is "maximin" - the rule of distributive

 justice, proposed by Rawls [1971].

 A necessary condition for the existence of an efficient equitable path is that there

 is some path which can maintain a positive consumption level. Solow [1974]

 confines his analysis to the case where the production function is Cobb-Douglas,

 and capital does not depreciate. In this case, a necessary and sufficient condition

 for the existence of a path which can maintain a positive consumption level is that

 the share of capital in current output exceeds the share of the exhaustible resource

 in current output. With this additional condition, Solow proves the existence of

 an efficient equitable path.

 The first purpose of this paper is to solve the existence problem posed by Solow,

 for a general production function on capital, labor, and an exhaustible resource.

 We assume the existence of an equitable path with positive consumption. (The

 general necessary and sufficient technological conditions, under which this assump-

 tion is satisfied, have been obtained in Cass and Mitra [1979].) We then prove

 (in Theorem 1) the existence of an efficient equitable path, when the exhaustible

 resource is "important" in production (in the sense of assumptions (A.3) and

 (A.4)). When the resource is not "important" (particularly in the sense of (A.3))
 the result may not be true. We provide an example to demonstrate this (see

 Example 1). We remark (see Remark 3) that a weaker version of (A.4) which
 only requires the assumption to be valid along certain paths (assumption (A.4'))
 is enough to establish the result. An example (Example 2) is provided where

 (A.3) is satisfied, (A.4) is violated, there exists an efficient and equitable path from

 * Manuscript received March 6, 1979; revised September 28, 1982.
 I Research of the second author was partially supported by a National Science Foundation

 Grant and an Alfred P. Sloan Research Fellowship. The present version has benefited from
 comments by two referees, and the editor.
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 134 S. DASGUPTA AND T. MITRA

 every positive initial stock and (A.4') is satisfied. This shows that (A.4')

 is genuinely weaker than (A.4). We have, however, retainled (A.4), in the main

 body of our results, which being a general assumption on technology rather than

 on specific paths, is possibly easier to verify and less awkward. We also rec-
 ognize the possibility that the assumptions used to prove the theorem (in particular

 (A.4')) may not be the weakest possible, although they seem essential to the method

 of proof used to obtain the existence result. We do not have an example to show

 whether or not (A.4') is necessary. Whether an alternative method of proof can

 be devised to establish the result under weaker assumptions remains an open

 question.

 The second purpose of this paper is to provide a price-characterization for

 efficient equitable (or maximin) paths. (Such characterizations are abundant in

 the theory of optimal economic growth, 'a la Ramsey.) A motivation for their

 study is to examine the possibility of attaining socially desirable allocations by

 maximizing behavior of producers and consumers under suitable decentralized

 mechanisms (in particular, price systems). Furthermore, these are also useful

 for obtaining some interesting qualitative results regarding the maximin growth

 paths. Price characterizations of this sort are scarce in the literature on maximin

 growth. (For some notable exceptions, see the discussion in Section 5). We

 show (in Theorem 2) that a feasible path is efficient and equitable iff there is a

 price sequence associated with it, such that (a) at each date, subject to the con-

 straint that the present value of consumption does not exceed the present value of

 income, "permanent" consumption is maximized at the program; (b) at each date,

 intertemporal profit is maximized along the program; (c) the present value of

 capital and exhaustible resource stocks converge to zero. Conditions (b) and (c)

 have been discussed elsewhere (Mitra [1978], Burmeister and Hammond, [1977]).

 Our main result is related to (a).

 Using this characterization, we show that along an efficient equitable path

 investment cannot exceed exhaustible resource rents (Propostion 6). We compare

 this result with the observation of Hartwick [1977, 1978] that in a continuous

 time version of our model, if investment equals resource rents, for a competitive

 path, then the path is equitable. We demonstrate that in a discrete-time model,

 the competitive conditions, intergenerational equity and Hartwick's condition

 are incompatible, when the production function is strictly concave (Proposition 7).

 Furthermore, for an efficient equitable path, investment always falls short of re-

 source rents, under strict concavity of the production function (Theorem 3).
 Finally, we demonstrate the robustness of Hartwick's rule, by proving that it is

 "asymptotically valid" in our discrete-time framework, in the sense that the excess

 of resource rents over investment becomes insignificant over time (Proposition 7

 and Theorem 4).
 In our concluding section, we provide an informal discussion of an alternative

 route to arrive at the results on Hartwick's rule, given in Section 6, without using

 (A.4').
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 EQUITY AND EFFICIENCY 135

 2. THE MODEL

 Consider an economy with a technology given by a production function, G

 from R+ to R+. The production possibilities consist of capital input, k, ex-
 haustible resource input, r, labor input, z, and current output, V=G(k, r, z),

 for (k, r, Z)? 0.2

 Following Solow [1974] and Stiglitz [1974], G(k, r, z) can be interpreted as

 current output net of depreciation, or simply as current output, assuming no

 depreciation of capital. A total outputffunction, F, can be defined by

 (1) F(k, r, z) = G(k, r, z) + k for (k, r, z) > 0.

 The production function, G, is assumed to satisfy:

 (A.1) G(k, r, z) is concave, homogeneouis of degree one, and continuous for

 (k, r, z)>O; it is differentiable for (k, r, z)>>O.

 (A.2) G is non-decreasing in k, r, and z,for (k, r, z)>0; also, (Gk, Gr, Gz)>>0
 for (k, r, Z)>>0.3

 For (k, r, z)>>O, we define the capital share (oc), the resource share (,B), and the

 labor share (y), in current output V= G(k, r, z) by

 g = (kGk)/G(k, r, z); / = (rGr)!G(k, r, z);
 (2)

 y = (zG,)/G(k, r, z).

 By (A.1), (A.2), it is clear that for (k, r, z)>>O, oc, /B, and y are positive, and <1,
 and (oc + + y) = 1. We denote inf /B by /.

 (k,r, z)>0

 The available labor force is assumed to be stationary, and positive, and denoted

 by z. We will normalize z = 1. In the following, paths are always defined from

 non-negative capital and resource stocks. Furthermore, along any path, it is

 understood that, always, z, = 1 for t >0 (unless explicitly mentioned otherwise).
 A feasible path from (k, m) > 0 is a sequence <k, m> = <kk, mt> satisfying

 (ko, m ) = (k, m)

 (3) fkt > O, and 0 < m+1 < mt for t > 0

 IF(kt,mn-mt 1,1)-kt+1>0 for t20.

 In (3), mt is to be interpreted as the resource stock at time t. Associated with a
 feasible path <k, m> from <k, m> is a sequence <r, y, c> defined by

 2 For any two n-vectors, u and v, u>v means ui>vi fori=1,..., n; u>v means u?v and u#v,
 u>v means ii>vi for i=1,..., n.

 3 Gkj=(aG/ak), G,=(aG/&r), G = (aG/&z).
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 136 S. DASGUPTA AND T. MITRA

 f rt = Mt- nt+1, Yt+1 = F(kt, rt, 1) for t > 0

 ct+1 = Yt+1 - kt+1 for t > 0.

 In (4), Yt+? is to be interpreted as the total output at time (t+1); ct+1 as the
 consumption at time (t+1); and, rt as the resource use at time t. Notice that

 (3) and (4) imply that rt>0 for t>0, and E rt<m. Henceforth, a path will

 always refer to a feasible path. A path <k, m> from (k, m) is interior if(kt, rt)>>O
 for t>0. It is said to maintain a positive consumption level if infct>0.

 A path <k, m> from (k, mn) dominates a path <k, "I> from (k, m) if ct>Ct for
 t>l, and ct>ct for some t. A path <k, m> from (k, m) is inefficient if there is a
 path from (k, m) which dominates it. It is efficient if it is not inefficient.

 The production possibilities can be viewed in the "stock version" as given by a

 technology set ! of input-output pairs in the following way:

 (5) = {[(k, m, z), (y, m', 0)]:

 0 < y < F(k, r, z); 0 < r < (mi-im'); (k, r, z, m') > 0}.

 It is clear that if <k, m> is a path from (k, m), then [(kt, mt, Z1), (Yt+ 1, mt+ 1, 0)] -
 Y for t>0.

 A path <k, m> from (k, m) is called competitive if there is a non-null sequence
 of non-negative prices <p, q, w> = <P,, qt, wt> such that for t > 0,

 Pt+lYt+l + qt+j1n+j - ptkt - qtmt - wtzt

 (6) > Pt+lY + qt+1m' - ptk - qtm - wtz

 for all [(k, m, z), (y, m', 0)] E Y-.

 In other words, the intertemporal profit maximization condition (6) is satisfied at

 each date. A competitive path is said to satisfy the transversality condition

 at the price sequence <p, q, w> if

 (7) lim (ptkt + qtmt) = 0.

 It is said to have finite consumption value if

 00

 (8) E ptct < 00.

 A path <k, m> from (k, m) is a maximin path if

 (9) inf ct > inf ct
 t?1 t?1

 for every path <k, m> from (k, m). It is a non-trival maximin path if it is a
 maximin path and maintains a positive consumption level. It is an eauitable path
 if

 (10) C=4+1 for t?1.
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 EQUITY AND EFFICIENCY 137

 It is a non-trivial equitable path if it is an equitable path and maintains a

 positive consumption level.

 Given a non-negative summable sequence <x> = <x,> we will write

 (11) at(x)= Exs for t?0.
 S=t

 3. SOME PRELIMINARY PROPERTIES OF EFFICIENT AND EQUITABLE PATHS

 In this section, we note some properties of efficient and equitable paths, which

 will be useful in the analysis of the next two sections. First, we establish that if

 there is an equitable path, then there is an efficient path which has the same

 constant consumption as the original path, for t=2 onwards (Proposition 1).

 Second, we prove that if an efficient path has a positive non-decreasing con-

 sumption level, then it is necessarily interior (Proposition 2). We also note a

 useful price-support property of interior efficient paths given in Mitra [1978].

 For our purpose, we will assume that capital is essential in production:

 (A.3') G(O, r, z) = 0 for (r, z) > 0.

 We start with an obvious, but useful, result.

 LEMMA 1. Under (A.1) (A.2), (A.3'), if <k, mi> is an inefficient path from
 (k, m), then there is a path <k, m> from (k, m) such that c>c-t for all t>1,
 and c1 > C1.

 Proof: We provide only a sketch. Note, first, that if <k', m'> is a path from
 (k, m) and c > c for some c > 0, and s > 1, then clearly we can find a path <k", m">
 from (k, m) with c'/=c' for tt*s-1, s, c"'=c and c > c'-. This is because,
 by (A.3'), k> 1>0. So we can be reducing c' to cs'=c, also reduce k'_1 to
 k" I by just enough (by (A.3') again) so that k" = k'. This makes c" 1 larger
 than c' 1 by (k - k'_ 1) >0. This procedure leaves k =k" for t*ts-1, and
 m=m' for all t, so ct =C/ for t t s-1, s.

 If <k, m-> is an inefficient path from (k, m), then there is a path <k', m'> from
 (k, m) such that c > C?t for all t, and c> cs for some s 21. If s= 1, then we are
 done. If s >1, then by using the above argument a finite number of times, the
 result is established. F

 LEMMA 2. Under (A.1), if <k', ml'> is a sequence of paths from (k, m), then
 there is a subsequence <kn', ml?'> which converges co-ordinatewise to a path
 <k, Tn-> from (k, m).

 PROOF. Consider the sequence <xt> defined by xo =k, xt1 =F(xt, m, 1) for
 t20. Clearly, for each n, (0, 0, 0)<(0kt, y;', cl)? (xe, xt x) for t>1; kn=
 k,Zn=1, 0<n?n<M for t>0. Hence, for each t, (k0, ml, zt, Ytl+i, ct?+1) is a
 bounded sequence. By the Cantor Diagonal Process, there is a subsequence of

 n, say n', such that (krn', mill, zr'l, Yt?+lX Cr4) converges to some (kr, mtX zt,
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 138 S. DASGUPTA AND T. MITRA

 Yt+t, Ct+I) for each t. Using (A.1), (3) and (4), <k,, in,>=<k, in> is a path from
 (k, m). Note that since mn' -tii for t> 0, so rtl' rt for t >0. D

 PROPOSITION 1. Under (A.1), (A.2) and (A.3'), if there is an equitable path

 <k, m'> from (k, m) with ct=d for t? 1, then there is an efficient patli <k, en>
 from (k, m) with ct=d for t22, and c-1?d.

 PROOF. Let A=[<k, m>: <k, m> is a path from (k, m) and ct d for t22].
 Let A1 = [c: c = c1 for some <k, m> in A]

 Al is non-empty since d belongs to Al. Also, Al is bounded, since for any
 path <k, m> from (k, ni), we have O<c1<F(k, m, 1). Let cl be the l.u.b. of

 Al. Then, there is a sequence <k", min> in A such that c'l converges to j.; By
 Lemma 2, there is a path <k, mI> from (k, m) with cI=cj, and ct>d for all t?2.

 We must have c- = d for t ?2. Otherwise, using the argument in the proof of

 Lemma 1, we can find a path <k', m'> such that c'>d for t>2, and cl>c,=ca,
 a contradiction to cl being the l.u.b. of Al. Using exactly the same argument,
 <k, h7> must also be efficient. D

 LEMMA 3. Under (A.2), if <k, m> is an efcient pathfrom (k, m), with c1 ? ct
 for t21, then kt+1?ktfor t>0.

 PROOF. Suppose, on the contrary, there is >0, such that k+? 1 <kr. Clearly,
 there is a path <k', m'> from (kr?2, m'+ 2) with (kt, m)=(kt?r?2 in+t?2) for
 t20 and c' =c,+r+2 for t21. Since mr?mn+?2mr?2, there is a path <k", m">
 from (kr, mr) with (k0, m'o)=(kr mr) (k" mi")=(k'__, m'_-) for t>1 and
 c = G(kr5 r+r +"T151)+(kr-kr+2)2G(kr+j5 r+l 1) +(kr15 r- kr+1) +(kr+ r+ 2) >
 G(k+ 1 rT+ 1 1)+(kr+l-kr+2)=Cr+22cr+l; and C't'+l =C'=Ct+r+22Ct+r+l for
 t?1. This proves that <k, m> is inefficient. This contradiction proves that
 kt+1?kt for t?0. D

 For our next result, we strengthen (A.3') and assume that both capital and the
 resource are essential in production.

 (A.3) G(k, 0, z) = 0 = G(O, r, z).

 PROPOSITION 2. Under (A.1)-(A.3), if <k, m> is an efficient path from (k, m),
 with ct+?1 ctfor t> 1, and c1 >0, then kt+1 >ktfor t>0, and mt+l < mtfor t>0;
 furthermore, the path is interior.

 PROOF. By Lemma 3, kt+1?kt for t20. If mt =mt+1 for some t=-r, then
 r =0, and by (A.3), G(kr, rr, 1)=0. Since cr1 >0, so kr+1 <kr, a contradiction.
 Since mt +?m tfor t>0 so mt+1< mt for t>0.

 Clearly, k > 0; otherwise, if k = 0, then by (A.3), cl = G(k, ro, 1) + k-k1 =k, >
 0, since c1 >0, a contradiction. Since kt+1 ? kt for t ?0, by Lemma 3, so kt >0
 for t 20. Since mt + 1 < mt for 1 >0, so rt > 0. Hence, <k, m> is interior.

 To prove that kt + I > k, for t ? 0, suppose, on the contrary, that kt + 1 = kt for
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 EQUITY AND EFFICIENCY 139

 some t=T. Then, there is a path <k', in'> from (kT, mT) with (ks, m0)=

 (kT, mT) and (k', m')=(kt?T?l, rniTT+.) for t21 and ci=G(kT, rT+rT+1, 1)+
 kT- kT+2=G(kT+l, rT+rT+l, 1)+kT+l- kT+2>G(kT+l1 rT+l, l)+kT+l- kT+2
 (since <k, m> is interior, and (A.2) holds)=cT+2?cT+l; and Ct+1=Ct+T+2?
 Ct+T+1 for t? 1. Hence, <k, m> is inefficient, a contradiction. D

 As a final result of this section, we note that for an interior competitive path,

 the present-value price of the exhaustible resource is a constant. A proof is given

 in Mitra [1978, Proposition 3.1 and Theorem 4.1].

 LEMMA 4. Under (A.1) and (A.2), if an interior path <k, m> fromn (k, m) is
 competitive at the price sequence <p, q, w>, then

 (12) qt = qt+I for t O 0

 (13) Frt+ = FrtFkt+ for t ? 0.

 4. EXISTENCE OF AN EFFICIENT EQUITABLE PATH

 Our objective in this section is to establish the existence of an efficient equitable
 path, given arbitrary positive initial capital and resource stocks. In the process,
 we will notice that such a path is precisely the maximin path from these initial
 stocks.

 Such a result is established by Solow [1974] when the production function,

 G, is Cobb-Douglas, and the capital share exceeds the resource share. His method
 is, roughly speaking, to construct a particular type of path, and to show that

 this path is an efficient equitable path. The construction relies on being able

 to solve for the capital and resource sequences as functions of time, in closed

 form. For a general production function like ours, this method does not work.

 Consequently, we follow an alternative two-step procedure, which can be described
 in the following way. First, we consider the set of all constant consumption

 paths, and choose the one with maximum constant consumption. Such a path is
 shown to exist. Second, we show that this path is efficient.

 The difficult step in this procedure is, obviously, the second, for it requires

 that if the maximum constant consumption path is inefficient - and so, we can

 improve the lot of one generation without worsening the lot of any other - then
 we can increase the consumption of every generation by a constant positive
 amount.

 For our existence proof, we need, in addition to (A.1)-(A.3), an assumption

 which says that the resource is "important" in production (in a sense made precise
 in (A.4) below). We also need to assume that there exists a non-trivial equitable

 path from positive initial stocks (see Condition E below). We demonstrate that
 Condition E is a necessary condition for the existence of an efficient equitable
 program, so its use in our existence proof is clearly justified.

 This still leaves one with the question of whether (A.3) and (A.4) are essential

 for the existence result. Example 1 provides a case of a production function for
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 140 S. DASGUPTA AND T. MITRA

 which (A.3), (A.4) are violated, Condition E holds, and there does not exist an

 efficient equitable program. We remark that a weaker version of (A.4) (see

 (A.4') below) where the resource is "important" along certain paths, together
 with (A.3), are enough to prove the existence theorem. Example 2 shows that

 (A.4') is genuinely weaker than (A.4). We do not have an example to show

 whether (A.4') is necessary or not. Whether this could be weakened further or

 dispensed with remains an open question.

 We start the analysis by proving the existence of a maximin path.

 PROPOSITION 3. Under (A.1) and (A.2) there exists an equitable maximin

 path from (k, m).

 PROOF. Let B={<k, m>: <k, m> is a path from (k, m), and c,=c,?1 for t>1}.
 B is non-empty, since the equitable path with zero consumption is in B. Let B1=

 {c: <k, m> is in B and cl=c}. B1 is bounded since for any path <k, m> from
 (k, m), O<c1 F(k, m, 1}. Let c* be the l.u.b. of B1. Then there exists a

 sequence <kn, m't> in B such that c'1 converges to c*. By Lemma 2, there is a
 path <k, m-> from (k, m) with ct=-=t+1 for t>1, and c1=cc. We claim that this
 is a maximin path from (k, m). If not, then there is a path <k, mh> from (k, m)
 such that inf > 51 =c*. But then, clearly, there exists a path <k', m'> from

 t21

 (k, m) with c =inf ct for t > 1, which contradicts the definition of c* . D
 t21

 It is quite obvious, intuitively, that the existence of an efficient equitable path

 requires that there be some path which can maintain a positive consumption

 level. The assumptions (A.1) to (A.3) and (A.4) (see below) are not sufficient to

 ensure the existence of such a path, as is clear from the studies by Solow [1974],
 Stiglitz [1974] and Cass and Mitra [1979]. We therefore proceed by considering

 the following condition.

 CONDITION E. There exists a non-trivial equitable path from (k, m)>>O.

 For a complete characterization of production functions, G, for which Condition

 E is satisfied, the reader is referred to the analysis in Cass and Mitra [1979]. We
 may now prove

 PROPOSITION 4. Under (A.1)-(A.3) and Condition E, there exists an efficient
 and equitable path <k, m-> from some (k, m-) with c-t>Ofor all t>O.

 PROOF. By Condition E, there is an equitable path <k, mP> from (k, m) with
 ct=d>0 for t> 1. By Proposition 1, there is an efficient path <k', 'in> from
 (k, m) with c'=d for t>2 and c'1?d. Let (k1, m1)=(k, m); then the path
 Kk, m-> from (k', m') defined by (kt, mt))=(k'+1,. m'+1) for t?0 is an efficient and
 equitable path with c- = d > 0 for t > 1. LI

 For our next result, we need an additional assumption, which conveys (along

 with (A.3)) that the exhaustible resource is "important" in production.
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 EQUITY AND EFFICIENCY 141

 (A.4) Given any (k, r)>>0, there is 4>O such that for all (k, r) satisfying

 k>k, O<r?<r, we have {[rGr(k, r, 1)]/G_(k, r, 1)}?2.

 This assumption says, roughly speaking, that the ratio of the share of resource

 in output to the share of labor in output is bounded away from zero. If the

 share of resource in output is bounded away from zero [,B >0], then clearly (A.4)

 is satisfied. This stronger assumption has been used by Mitra [1978] to provide

 a price-characterization of efficient paths.

 LEMMA 5. Under (A.1)-(A.4), if there exists an efficient equitable path <k, m>

 from (k, m), with c,>O for all t, then given any 6>1, there exists A>1, and a
 path <k', m'>from (6k, 6?m) wvith c>Xct for t?1.

 PROOF. Since ct=d>0 for all t, k>0 by (A.3). By Proposition 2, kt?1>kt,
 0<mt+1<mt for t20 and the path is interior. Hence kt>k for t>0 and 0<
 rt <m for t>0. By (A.4), given (3>1, there is r >0 such that for k > k, O< r<6m,

 (14) f[rGr(k, r, 1)]IG_,(k, r, 1)} 2 r.

 Choose ( > A > 1, such that

 (15) RA - 0/0 - A)] < [n/6]-

 Clearly, this can be done. Then, for t 0 O,

 (16) G(Akt, brt, 1) - G(Akt, Art, A) 2 0.

 To see this, we write, for t> 0,

 G(Akt, brt, 1) - G(Akt, Art, A)

 > Gr(Akt, brt, 1)((-A)rt - G_(Akt, brt, 1) (A - 1)

 -(A- 1)G(Akt, brt, 1 ) F{ (-3)Gr(Xkt, (rt, 1)r} 1 -
 'Li(A(- 1)G,(Xkt, (3rt, 1)1 1

 ? (A-)()G , (Akt br, 1) i (IJ i)) - > 0,

 since Akt>k, O<3rt<5n and by using (15). This verifies (16).
 Construct a sequence <k', m'> in the following way: k'=3k, k =Akt for t> 1

 and m = bm for t>O. Then

 , r' = ( E rt < 3m.
 t=O t=O

 Also, for t>O, c'+1=F(k', r', 1)-k1?2>G(Akt, brt, 1)+)Lkt-Akt +12G(Akt, Art,
 A)+Akt-Akt+1 [by using (16)]=A[G(kt, rt, 1)+kt-kt+1]=Act+1. Hence, <k',
 m'> is a path from (3k, bm) and c+ 12> Act+ 1 for t > O. C]

 The following is a version of (A.4) where the assumption is made along certain
 efficient equitable paths (whose existence from some stocks has been established

 in Proposition 4).
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 142 S. DASGUPTA AND T. MITRA

 (A.4') If <k, m> is any efficient and equitable path fromn some (k, n1) with

 c,=d>O for all t>1, and 3>1, then ther-e is q>0 such that
 Er. Gr(k, r, 1)]/Gz(k, r, 1)2 holds for kt<k<bkt and rt<r?<rt for
 every t20.

 Remark 1. From the first part of the proof of Lemma 5 and the fact that

 3 > 1, it is immediate that (A.4) implies (A.4').

 Remark 2. From the proof of Lemma 5, it is clear that the inequalities (15)

 and (16) can be established in the same way directly from (A.4'). Given 3>1,

 q > 0 can be chosen as assured by (A.4'); given 3 and y, A > 1 and i < 3 can be chosen
 to satisfy (15). Since A<3, (A.4') can be used to obtain (16). Lemma 5 there-
 fore holds with (A.4) replaced by (A.4').

 We now state and prove the main result of this section.

 THEOREM 1. Under (A.1)-(A.4), th1ere exists an efficient equitable path from
 (k, m)>>O if and only if Condition E holds.

 PROOF. (Necessity) Suppose there exists an efficient equitable path <k, m>
 from (k, m)>>0. If Condition E does not hold, then ct=0 for t> 1. Since
 (k, m)>>O, this implies that <k, mi> is inefficient, a contradiction.

 (Sufficiency) By Proposition 3 and Condition E, there exists a non-trivial

 equitable maximin path <k, ni> from (k, m). Suppose this is not efficient, then
 by Proposition 1, there is an efficient path <k, Wn> from (k, m) with c > c1 = d
 and ct=d for t>2. Then clearly there are paths <k', m'> from (k1, 7-11) with
 (k , r , z, Yt+1, ct+1)=(kt+l, Pt+l, Z-t+ l,t2 t+2) for t>0 and Kk, mi> from
 (k2, i2) with (kr, , t+ 1 Ct+ 1) = (kt+ 2, rt+2, t+2 Yt+3, Ct+3) for t.
 Clearly, both are efficient and equitable with c = c = d>O for all t >O. By

 Proposition 2, therefore, both are interior and k+1 > k for t ?0, k1t+ > k- for
 t>0.

 Let c 1-d= 1 > 0. Then clearly there is a path <k", ni"> from (k, m) such that
 c'= d +1/2, k'1 = k1 +e 1/2, m'1 = m-1 and (k", m') = (kt, mt) for t > 2. Since
 Kk', im'> is interior, therefore 0<rr=r1=r1-=m2=rn7-in'm=r'. Since k'">
 k1, hence by (A.2), c'" = F(k', r'1, 1)-k't > F(k1 , r )-k' = (since k'=k2) = d.
 Let 82=C'2-d>O. By (A.l) and (A.2), we can find 0<0<1 such that F(k7,
 Or'i, 1)-k'=d+e2/2. Hence there is a path <k, mi> from (k, mn) such that
 al=c';=d+el/2, a2=d+e2/4, k1=k'", k2=k' +'2/4=k2+82/4 ,i}1=m'=h,
 i2 =m'"+(1t-0)r'' =m 2+(1-0)r', (kt, ifit)=(k'0, m') = (kt, 7it) for t > 3.

 It is clear then, that there is 3>1 such that k2>?k2 and 'f72>6 3m2. Since
 <k, th> is an efficient and equitable path from (k2, m2) with = =d>0 for all t,

 therefore by Lemma 5, there is A> 1 and a path <k, rm> from (3k2, 32) such that

 c _c>=Ad for all t> 1. Hence there is a path <k*, m*> from (k, m) such that

 k1 = k1, k2==3k2, m1 =2 m 1, m2*=3 i2, (k*, m*)=(kt2, mt2) for all t>3, c*>
 a1>d?+1/2, c2> d + 82/4 and c* > Ad for t > 3. But then <k*, m*> is a path
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 from (k, m) with inf c* > d=inf c, which contradicts <k, m> is a maximin path.
 t t

 Hence our supposition that <k, m> is inefficient is false. D

 Remark 3. It is clear from Remark 2 and the proof of Theorem 1 that we can

 replace (A.4) in the hypothesis of Theorem 1 by the weaker assumption (A.4').

 We now note a simple corollary which follows directly from Theorem 1.

 COROLLARY 1. Under (A.l)-(A.4), a pathi <k, M1> from (k, m)>>O is an effi-
 cient equitable path if and only if it is a non-trivial maximin path.

 The following example shows that when (A.3) and (A.4) are violated, an efficient

 equitable path need not exist.

 Example 1. Let G(k, r, z)=k' 4r3/4+z; k=m=1. First, note that Con-
 dition E is satisfied. The sequence <k, h-J>, defined by kt=k=1, mt=1 for t>0,
 is clearly a path (with r-=0, c-t+,=1, it+1=2 for t>0) and it is a non-trivial
 equitable path. Next, it can be checked that both (A.3) and (A.4) are violated.

 We demonstrate, now, that 1 is the maximum constant consumption level, for

 any equitable path. Suppose, on the contrary, that there is a path <k, m> from
 (k, m), with ct=(t+e) for t?1, where e>0. Then, for t>0, we have 1+e=
 ct+ = k'/4rt3/4 ++kt-k,+1, or e=ktl 4rt34+kt-kt+1. Define <kt> as follows:
 ko=k, kt+= rkt rt + kt for t > 0. Then, clearly, kt < kt for t > 0; also kt + 1 2 kt
 for t20. Hence, kt34 -k314< [kt+ 1/k 14]-[ktlk 1/4]=rt3/4. Hence, for T>0,

 T T

 LKT'+L -ko'4] < Y rt+? [ E rt]314[T+ t] /4 {by Holder's inequality} < [T+ 1]1/4,
 t=O t=O

 since m = 1. Hence, there is a scalar 0 < A < oo, such that kt < A(t + 1)1/3 for t>0.
 Now, for t20, kt+1-kt=k' /4r3/4-e<k1/4r3/4-e. Hence, for T?0, kT+1-ko<
 T T T+ 2 )1/4

 [ k"1/4[Y rti]3/4-(T+t)e {by Holder's inequality} <A(1/4){ 13dx} d
 t=O t=O 1

 (T+ 1)e <(3A/4)1"4[(T+2)4/3]"/4-(T+ t)e=(3A/4)1/4(T+ 2)1/3 -(T+ t)e. Then
 for T large, kT <0, a contradiction. (The method used here is a discrete-time
 analog of the technique used by Solow [1974].)

 Thus, we have shown <k, Wl> is a maximin path from (k, m). However, this
 path is clearly inefficient, since the sequence <k', m'> defined by ki =k= 1, mO= 1,
 m=O for t>1 (with r'=1, r'=O for t>1; c'1=2, c'=1 for t>2; y' =3, y'=2 for
 t>2) is a path from (k, m), which dominates <k, hm>.

 The next example demonstrates that (A.4') is genuinely weaker than (A.4).
 Here (A.1)-(A.3) and (A.4') are satisfied, (A.4) is violated and efficient equitable
 paths exist from every positive initial stock. The example also demonstrates that
 the class of production functions for which assumptions (A.1)-(A.3) and (A.4') are
 satisfied is wider than the class of Cobb-Douglas production functions.

 Example 2. Let G(k, r, z) = z * log [1 + (rlk#)/zl+#] when z > 0, and G(k, r, 0)-
 0 for every (k, r) > 0. Here ,B-2c > 1/2, oc > 0 and oc + B < 1. It is clear that

 G is homogeneous of degree one and that G is continuous at (k, r, z) if z >0.
 It can also be verified that G is continuous at (k, r, 0).
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 Differentiability of G for (k, r, z)>>0 is clear. Some routine calculations can be

 made to verify that G is concave. Assumptions (A.2) and (A.3) can be similarly

 checked.

 To check that Condition E is satisfied, note that D(k, m) (see Section 5) is con-

 cave, non-decreasing in (k, m) and D(O, 0)=O. Hence, D(k, m)>O for some

 (k, m)>>O verifies that D(k, m)>O for all (k, m)>>O, i.e., Condition E holds. Let
 00

 (k, mr)=(4, t 1/t2). Let kt=4 for t=1, ... , 3, kt =t for t>3, rt-1/t2 for t>1.
 Then G(kt, rt) > log [1 + tl-2, >?log3>1+E for some E>O since f,-20 t1/2.
 Then D(k, m) > ? > 0.

 Next we check that (A.4) is violated. First it can be checked that

 [r. Gr(k, r, z)]/G(k, r, z) = [a/(1 + e)][f/log (1 + e)] where E = rakfi/zll+#. Then

 (a) E -? ? implies that r * Gr/G( ) -O 0 and

 (b) 0 < a < E < b < oo implies that 0 < ? I [r Gr/G(*)]

 < 62 < o for some 61, 62

 Also, [z * Gz/G( * )] = 1- {[(ot + /1)]/[(1 + ?) log (1 + ?)]} hence,

 (c) E oo implies that [z * Gz/G( .)] -+ 1 and

 (d) 0 < a < E < b < oo implies that 0 < 31 < [(z * G)l/G( )]

 < 32 < o for some a1, 62

 (a) and (c) show that (A.4) is violated by taking the sequence (rt, kt, zt)=(t/t,

 t2, 1). Also (b) and (d) show that [r * Gr(k, r, z)]/G,(k, r, z) > i7 > 0 for some i7
 if there are d1, d2 such that 0 < d1 < G(k, r, z) < d2 < ??

 We now show that (A.4') is satisfied. If <k, m> is an efficient and equitable
 path, then G(kt, rt, 1) > ct = d > 0 for all t. Also, by (43) (see Section 7), kt + I-kt <
 r Grt and r.Gr-[arxk#1/(t+rxk#)]<?. Hence, G(kt, rt, t)<?+d. Let (>1,
 then O<d<G(kt, rt, t)?G(k, r, t)<G(3kt, 3rt, 1)<?(x+d) for (kt, rt, 1)<
 (k, r, t)<(3kt, 3rt, 1) for all t. Hence there is il>O such that for such (k, r, 1) we
 have [r- Gr(k, r, 1)/Gz(k, r, 1)] >'1. This shows that (A.4') is satisfied. Hence
 there exists an efficient and equitable path from every (k, m)>> 0 by Theorem 1 and
 Remark 3.

 5. PRICE CHARACTERIZATION OF EFFICIENT EQUITABLE PATHS

 In this section, we will provide a price characterization of efficient equitable

 (or maximin) paths, when such paths exist. We will show that a path is efficient
 and equitable if and only if there is a price sequence such that (a) at each date,
 subject to the budget constraint that the present-value of consumption does not

 exceed the present-value of income, "permanent" consumption is maximized at

 the program; (b) at each date, intertemporal profit is maximized at the program,

 and (c) the transversality condition is satisfied. This type of characterization is
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 rather prominent in optimal growth theory, but is scarce in the literature on

 maximin programs.

 Conditions (b) and (c) have been discussed in the literature on efficiency (see

 Mitra [1978]) and maximin programs (see Burmeister and Hammond [1977], and

 Dixit, Hammond and Hoel [1980]). These characterize efficient paths, whether
 maximin or not (see Mitra [1978]). Clearly, if one assumes that a given path is

 equitable then it is maximin if and only if (b) and (c) hold, which is what Pro-
 position 5 below says. Burmeister and Hammond [1977] show that if (b) and (c)
 hold, and the path is equitable, then it is maximin. Their method of proof,

 however, is direct, and does not involve showing that the path is efficient; their

 model is also more general than ours. However, whether these conditions are

 necessary for a maximin program is an issue they do not address. The point of

 interest in the present exercise is in characterizing efficiency ancl equity by means of

 certain value maximization, profit maximization and transversality conditions

 alone. More precisely, without assuming that the given path is equitable we show

 that conditions (a) through (c) are necessary and sufficient for efficiency and equity

 (and hence maximin); see Theorem 2 below.

 It is clear that compared to the clharacterization of efficiency or optimnality, the

 condition which is different here (and is the one of main interest) is (a). It is,

 therefore, worthwhile to try to spell out the meaning of this condition, in somewhat

 greater detail. If the price-sequence supporting the path <k, m> from (k, m) is
 <p, q, w>, then the present-value of income at date t, at the path is

 co

 ptkt + qtmt + E wS.
 S=t

 Consider, now, any capital and resource stock pair (k', m'), and consider any
 constant consumption level c' which is feasible from the stocks (k', m'). Then,

 c' can be interpreted as a "permanent" consumption level attainable with these

 stocks, and the constant input of labor. Condition (a) states, firstly, that the

 present-value of this "permanent" consumption, c', cannot exceed the present-

 value of income; that is,

 00 00

 E p,c' < ptk' + qtm' + E w,
 s=t+l S=t

 Secondly, it states that the present-value of income on the path is exhausted by the
 present-value of a consumption stream just maintaining the current consumption
 level; that is,

 E psct+i = ptkt + qtinlt + E ws.
 s=t+l S=t

 Thus, if the present-value of income along the path is the budget, and the present-
 value of any "permanent" consumption stream, c", is within this budget; that is,

 00 00

 E p,c" < ptkt + qtmt + E: WS
 s=t+l S-t
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 then c" <ct+ . In other words, ct+1 is the maximum permanent consumption

 attainable within the present-value budget of [ptkt + qtmt + E WS].
 s=t Together, it means that if the present-value of income of the comparison pair,

 (k', m'), does not exceed the present-value of income along the path, that is,

 00 00
 ptk' + qtm' + E Ws < ptkt + qtmt + E WS

 s=t S=t

 the "permanent" consumption c' cannot exceed ct+ at the path. This is, as will
 be clear below, analogous to the price support property of value functions in the

 optimal growth literature (see McKenzie [1979]).

 In Proposition 5 below we essentially state the result on the price characterization

 of efficiency contained in Theorem 4.1 in Mitra [1978], as applied to efficient

 equitable paths. Since our assumption (A.4) or (A.4') are weaker than the as-
 sumption employed in Mitra [1978], we need to elaborate the first few steps of the

 proof. The rest follows from a direct application of the metlhods used by Mitra

 [1978]. It may be noted that (A.4) can be employed only along paths for which

 inf kt > 0. It was shown in Section 3 that "inf kt > 0" is satisfied for efficienit paths
 with non-decreasing conisumption; but this condition is clearly not satisfied for
 arbitrary interior efficient paths, which are discussed in Mitra [1978].

 PROPOSITION 5. Under (A.1)-(A.4), a path <k, m> from (k, m)>>O is efficient
 and equitable iff there is a price sequence <p, q, w> with (pt, qt, wt)>>Ofor t>0,
 such that (17)-(19) below hold:

 0 = Pt+iYt+i + qt+1mt+1 - ptkt - qtmt - wtzt

 (17) > pt+ y + qt+1m' - ptk - qtm - wtz for all

 [(k, m, z), (y, in', 0)] E , t > 0.

 (18) lim (ptkt + qtmt) = 0
 t -+0

 (19) ct = Ct+1 for t > 1.

 Furthermore, thefollowing inequalities hold along an efficient, equitable path:

 00

 (20) E Wt < I
 t=O

 00

 (21) E PtCt < I0.
 t=1

 PROOF. (Sufficiency) Using (17), (18), we know from Malinvaud [1953, Lemma

 5] that <k, m> is an efficient path from (k, m), since Pt>0 for t20. By (19),
 <k, m> is equitable.

 (Necessity) If <k, m> is efficient and equitable, since (k, m)>>O, therefore,
 ct=d>0, for t? 1. Hence, by Proposition 2, <k, m> is interior and kt+1kt >k
 for t20.
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 Define a sequence <p, q, w> as follows:

 po = (Fko/Fro), Pt+ 1 = (1/Fr,) for t > 0

 wt = pt+lFz,, qt = 1 for t > 0
 Then, by Propositions 3.1 and 3.2 in Mitra [1978], (17) is satisfied at the sequence

 <p, q, w> defined by (22). Also, clearly, (Pt, qt, wt)>>0 for t>0. By (A.4), there
 is >0 such that for k>k, O<r?<,

 (23) {[rGr(k, r, 1)]/Gz(k, r, 1)} > r.

 Then for t>0, since kt>k and O<rt<m, by (23),

 (24) wt = [Gz(kt, rt, 1)IGr(kt, rt, 1)] < (1/r)rt.
 ('0 00

 Since Y rt?m, so Y wt< Io. Thus (20) is verified.
 t=O t=o

 Now, following exactly the necessity proof of Theorem 4.1 in Mitra [1978],

 (18) and (21) hold. LI

 To proceed further, we define a set D1(k, m), for every pair of stocks (k, m)>>0.

 D(k, m)= {c: <k, mi> is an equitable path from (k, m) and el =c}. D(k, m) gives
 the set of consumption levels which can be maintained from the stocks (k, m).

 Let D(k, m)==Max{c: ceD(k, m)}. We now state and prove the main result of
 this section.

 THEOREM 2. Under (A.1)-(A.4), a path <k, m> from (kI, m)>>0 is efficient and
 equitable ifj there is a price sequence <p, q, w> with (Pt, qt, wt)>>Ofor t>0, and
 <Pt>, <wt> summable, such that

 0 = ot+i(p)ct+1 - ptkt - qtmt - ut(w)
 (25)

 > ut+l(p)c - ptk - q,m - at(w), for ceD(k, m), t ? 0

 and (17), (18) hold.

 PROOF. (Sufficiency) By (17), (18), <k, m> is an efficient path from (k, m), by
 Malinvaud [1953, Lemma 5].

 BY (17), we have for s>0, ps+ lcs+l =ps+ lys+ 1-ps+lks+l1 =(qsms-qs+ lms+ 1)+
 (psks-ps+1ks +)+ws So for t>0, and T>t,
 T T

 (26) Z pS+1cS+1 = [q,tm-qT+1lnT+1] + [ptkt-PT+1kT+l] + Z WS. S=t S=t

 Since <wt> is summable, so Y ws is convergent, and, by (26), SO is E Ps+ lcs+ 1.
 s=t s=t

 00

 Then, using (18), we have E ps+lcs+ 1 =qtmt+ptkt+ut(w). By (25), we also have
 00 s=t
 Z ps+lct+1=qtmti+ptkt,+ut(w). So, for t > 0,
 S=t

 00 00

 (27) Ps+ 1cs+1 = Z Ps+lct+1.
 s=t s=t
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 00

 We will now show that ct+ l =Ct+2 for t0. Note that Z ps+ lS+l Pt+ Ct+1+
 co co sct 00
 Z Ps+lCs+i E pY. Ps+c2 + pt+ 1c+1, by using (27). Also Y ps +1C.s+1=
 S=t+l s=t+l S=t
 00 00

 Y ps+lct+l [by (27)]= Y ps+lct+l + Pt+lct+i. So, ct+1Ut+1(P)=:Ct+2ot+1(P)*
 S=t s=t+ 1

 Since Pt>O, so 0t+i(P)>O, and since <Pt> is summable, so ut+i(p)<oo. Hence,
 ct+1=ct+2 for t>0. This means that <k, m> is an equitable path.

 (Necessity) Since <k, m> is efficient and equitable and (k, m)>>0, hence ct=
 d>0 for t?1. By Proposition 5, (17), (18) are satisfied at a price sequence

 <p, q, w> defined by (22). Furthermore, (Pt, qt, wt)>> for t>0, wt is summable
 by (20), and since <k, m> is equitable with ct=d>O for t>1, so by (21), <Pt> is
 also summable.

 00

 By (17), (18), we obtain [by the method used in the sufficiency part] Y Ps+,
 s=t

 CS + 1=qtmt + ptkt + t(w). Since cs + 1 is constant for s > 0, so

 (28) Ut+1(P)c1+1 = qt,m,t + ptkt + ut(w) for t > 0.

 For any path <k', m'> from (k, m)?0, we have, by (17), for any u>
 0, and t=s+u, (where s>O), pt+lcS+1 =Pt+i(y+ -k'+ )<(qtm'-qt+1m'+ )+

 00

 (ptks-pt+1k+1)+wt. Since <wt> is summable, so Y pt+l,c+1 is convergent.
 00 s=O

 So, we have Y pt+1c+ 1 qum+puk?+u(w). Now, consider any c in D(k, m).
 s=O

 Associated with c is an equitable path <k", m"> from (k, m), with c, =c for t> 1.
 Then, we have for any u ? 0,

 (29) uU+1(p)c < qum + puk + uu(w).

 Clearly, (28) and (29) establish (25). C]

 Remark 4. It is clear from the proofs that in Proposition 5 and Theorem 2 we

 can replace (A.4) by (A.4'). The same is true of all the results in Section 6.

 6. INVESTMENT, RESOURCE RENTS AND HARTWICK'S RULE

 In this section, we compare some of the consequences of our price character-

 ization result (Theorem 2) with the observation of Hartwick [1977, 1978] that if

 along an interior competitive path, investment equals exhaustible resource rents,

 then this ensures that the path is equitable. This result is established by

 Hartwick in a continuous-time version of the model examined here.

 We find that, in our discrete-time framework, the price characterization theorem
 yields the result that investment cannot exceed resource rents for efficient equitable

 paths [Proposition 6]. Furthermore, if the production function, G, is strictly

 concave, the competitive conditions, equity and Hartwick's rule are inconsistent

 for interior paths [Proposition 7]. In fact, along an efficient equitable path,
 investment is strictly smaller than resource rents in each period [Theorem 3].

 It should be mentioned here that the difference between our results and
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 Hartwick's result is not caused by a "time-phasing" problem: the same differ-
 ence continues to obtain if, for example, we assume that current output is a

 function of the current period's inputs, rather than of the previous period's

 inputs, as we have done throughout this paper. Rather, the difference arises

 because of the continuous and discrete treatment of time.

 But if the difference is caused by the distinct treatments of time, one would

 expect the difference to vanish asymptotically. This is precisely what happens.

 We show that for efficient equitable paths the ratio of investment to resource rents

 converges to unity as t- oo [Proposition 8]. Furthermore, the difference between

 investment and resource rents converges to zero as t-+oo, if the sum of the shares

 of capital and labor is bounded away from zero [Theorem 4]. In other words,
 Hartwick's rule is true asymptotically, even in a discrete-time framework.

 In order to proceed with our analysis, we associate with a path <k, m> from
 (k, m) an investment sequence <I> <It> given by

 (30) kkt+1-kt for t > 0.

 PROPOSITION 6. Under (A.1)-(A.4), if <k, m> is an efficient equitable path
 from (k, m)>>O, then

 (31) It+, < Grt rt for t > 0, and

 (32) It+, ? Gr rt for t > 1.

 PROOF. If <k, m> from (k, m) >>0 is efficient and equitable, then by Proposition
 5, it is competitive at the price sequence <p, q, w> defined by (22).

 Let ct=ct+1=d for t?1. Then, since deD(kt, mt) for t?0, so by using (25)
 of Theorem 2,

 Ut+2(p)d- pt+ 1kt+l 1-qt+1m,+, 1- ot+ 1(w)

 ? ?t+2(p)d - pt+kt -qt+1mt - ot+1(w)

 So Pt+ 1(kt+ - kt) < qt+ 1(mt- mt+ 1)-qt+ rt.4 Using (22), (kt?+ I-k )? Grtrt, which
 is (31).

 Since deD(kt+1, m +1) for t>1, so by using (25) of Theorem 2,

 t+(p)d - ptkt - qtmt - ut(w)

 ? ?t+1(p)d - ptkt+1- qtmt+1 - t(w).

 I It is clear that these inequalities should be valid in more general multi-sector models (where

 one looks at constant utility rather than constant consumption paths). Interpreting k as a vector

 of capital stocks and m as a vector of exhaustible resources since D(k, m) is concave, hence at

 any point (k, m) there is a price support (1, p, q), i.e., D(k, m) - p.k - q*m?D(k', m') - p'k' -

 q * m' for any (k', m')>0. In our case, the price support at (k,+?, m,+?) is [1, Pt+1/6t+2(P),
 qt+1/t +2(p)]. In the proof we are using this price support property of the value function D(k, m)
 at each t to obtain these inequalities, which say that present value of investment (at terminal

 prices)<O, where investment includes both additions to capital equipment as well as decumula-

 tions of resource stocks.
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 So, p,(kt+ 1-kt) ? qt(mt-mt+ 1) = qtrt.5 Using (22), (kt+ 1-kt) > Grt 1rt which
 is (32). El

 For our next result, we assume

 (A.5) G(k, r, 1) is strictly concave, i.e., given (k, r)t(k', r'), and 0<0<1,

 G[Ok +(1-O)k', Or + (1-O)r', 1] > OG(k, r, 1)+(1-O)G(k', r', 1).

 LEMMA 6. Under (A.1)-(A.3) and (A.5), if <k, m> is an interior, competitive,
 equitable path from (k, m)>>O, then for t>O,

 (33) It+I = Grtrt implies It+2 > Grt+irt+i

 (34) It+2 =Grtrt+ I implies It+3 < Grt+ irt+ 2

 PROOF. If for some t?0, It+I=Grtrt, then since <k, m> is interior, Grtrt >0,
 and so It+ >0, i.e., kt+1>kt. Now, kt+2-kt+1=[F(kt+1, rt+,1 1)-Ct +2]-
 [F(kt, rt, 1)-ct+1]=F(kt +, rt+1, 1)-F(kt, rt, 1) {since <k, m> is equitable}>

 Fkt+,(kt+l-kt)+Frt+,(rt+l-rt) {by using k1t+1#kt and (A.5)}=Fkt+ Grtrt +
 Frt+ t(rt+-rt) {since It+ = Grtrt} = Grt+ (rt + rt+? )-Grt+ 1rt {by using (13), since
 <k, m> is interior and competitive}=Grt+irt+?. This proves (33). The proof
 of (34) is similar, and is therefore omitted. LI

 Remark 5. Note that the proof of Lemma 6 actually establishes a stronger

 result than (33), viz., if for some t>0, It+?2Grtrt, then It+2>Grt+irt+i. This
 means, clearly, that It+ = Grtrt can hold for at most a single period. Given this
 observation, the following proposition is self-evident, and is therefore presented
 without a proof.

 PROPOSITION 7. Under (A.I)-(A.3) and (A.5), if <k, m> is an interior com-
 petitive, equitable path from (k, m)>>O, then It+I=Grtrt can hold for, at most,
 one period.

 THEOREM 3. Under (A.1)-(A.5), if <k, m> is an efficient equitable path from
 (k, mr)>>0, then

 (35) It+I < Grtrt for t 2 0, and

 (36) it+, > Grt'rt for t 2 1

 PROOF. By Proposition 5, <k, m> is competitive.
 If (35) is violated for some period, T, then, by Proposition 6, I,+?=Gr r,.

 By Lemma 6, I, + 2> Gr+i rT+ ?1 which contradicts (31). Similarly, (32) and (34)
 yield (36). LI

 I The same is true here as in footnote 4, except that the inequality says present value of

 investment (at initial prices) ?0. These rules would be discrete time analogs of one in continuous

 time models, which say that present value of net investment=0 along an efficient equitable path

 (see Dixit, Hammond and Hoel [1980]).
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 Remark 6. Theorem 3 shows that an efficient equitable path violates

 Hartwick's rule in every period, if (A.1)-(A.5) hold.

 We now proceed to show that Hartwick's rule is valid "asymptotically."

 LEMMA 7. Under (A.1)-(A.3), if <k, m> is an efficient path from (k, m) with

 ct+I?ctfor t>1, and c1>0, then Gk,-+O as t-xoo.

 PROOF. By Proposition 2, <k, m> is interior, and It,1 >0 for t >0. 1Hence,
 G(kt, rt, 1) > ct + 1 > c1 for t > 0. Since rt-O as t-coo, so kt -oo as t--oo, by (A.1)
 and (A.3).

 If, contrary to the lemma, there is 0>0, such that Gk, >0 for a subsequence of
 periods, then G(kt, rt, 1) > Gk,kt-+ oo for this subsequence of periods. For this
 subsequence, 1 = [G(kt, rt, 1)/G(kt, rt, 1)] = G[{k,/G(kt, rt, 1)}, {rt/G(kt, rt, 1)},
 {i/G(kt, rt, 1)}], by (A.1). Since G(kt, rt, 1)-oo for the subsequence, so
 {rt/G(kt, rt, 1)} and {1/G(kt, rt, 1)}-*0 along the subsequence. Then, by (A.3),
 we must have {kt/G(kt, rt, 1)}-+oc for the subsequence. But then {Gk,kt/G(kt,
 rt, 1)}1-oo for the subsequence. But by (A.1), we have [Gk,kt/G(kt, rt, 1)] < 1
 for t ?0, a contradiction. LI

 PROPOSITION 8. Under (A.1)-(A.4) if <k, m> is an efficient equitable path
 from (k, m) >> 0, then

 (37) [It+I/Grtrt] - 1 as t - oco, and

 (38) [It+IlGrt-trt] - 1 as t - oo.

 PROOF. By Proposition 2, <k, m> is interior; hence, the magnitudes in (37)
 and (38) are well defined.

 By Proposition 6, for t > 1, Grt- rt < It+ I < Grtrt. So, for t 2 1,

 (39) [Grt- r/rtrt] < [It+1/Grtrt] < 1.
 Now, [Grt irt/Grtrt]=[Grt 1/Grtl. Since <k, m> is efficient and equitable, so it
 is competitive, by Proposition 5. Since it is interior, so (13) holds. Hence,

 for t?1, [Grt-1/Grtl=[1/{1+Gk}1. By Lemma 7, Gkt-O as t-*+oo. Using
 these facts, [Grt 1rt/Grtrtl-1 as t-+oo. Hence, by (39), (37) holds. Similar
 reasoning verifies (38). LI

 For our final result we need

 (A.6) inf ( +y) > 0.
 (k, r, z)>?O

 THEOREM 4. Under (A.1)-(A,4) and (A.6), if <k, m> is an efficient equitable
 path from (k, m)>>0, then

 (40) sup Grtrt < ??
 tOO

 (41) [It+ I-Grt rt] - 0 as t- 0c
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 (42) [It+- Grt lrt] > 0 as t X0

 PROOF. By Proposition 2, <k, m> is interior; hence, the magnitudes in (40),
 (41) and (42) are well defined.

 By (A.6), there is 0<0<1, such that rGr<OG(k, r, 1) for all (k, r)>>0. By
 Proposition 6, (31) holds. Hence, for t> 0, It+ 1 ? Grtrt<OG(kt, rt, 1)<0(It+1 +c1)

 since ct=C1 for t>1. Hence we have (1-0)I,+1<0cl, or, I,+1<[0/(l-0)]c1c
 Hence, for t> 0, G(kt, rt, 1)=c1 +It+1 <c1 + [0/(1 -0)]c1 [I/(1 -0)]c1. Hence,
 for t20, Grtrt<OG(kt, rt, 1)<[0/(1-0)]c1, which proves (40). Now (41) and
 (42) follow directly by using (37) and (38). D

 7. SOME CONCLUDING OBSERVATIONS

 This section is devoted to an informal discussion of a possible route to obtain

 the results on Hartwick's rule presented in Section 6, without making use of the

 price-characterization theorem and assumption (A.4) or (A.4'). This approach

 focuses on the isoquants of the value function D(k, m), and its relation to the

 isoquants of the production function F(k, r, 1).

 Suppose from ( ko, mo) there is a sequence of stocks <kt, mt> giving a feasible
 and efficient stream of consumption ct=c>0 for t? 1. Then from (k', m')=
 (k', mo0+-r'-ro), where F(k', r', 1)==F(ko, ro, 1), we can sustain ct>c for all t,
 since out of the gross output, F(k', r', 1), we can consume c and leave k1 and m1,

 as on the original path, for future use. The set of (k', m') so defined, which is

 the isoquant of F(k, r, 1) passing through (ko, ro) translated by (0, mo - ro) lies
 above the isoquant of D(k, m) passing through (ko, mo). [By the isoquant of
 D(k, m), we mean the lower boundary of the set of (k, m) with D(k, m) ? c.]

 Since both curves are convex, hence D(k, m) has differentiable'isoquants with

 slope =-[Fr(ko, ro, 1)/Fk(ko, r0, 1)]. Since along the given efficient equitable
 path (kt, mt) are points on this isoquant of D(k, m), the slope of the chord= -
 E(kt+ 1- kt)(mt - Mt+ 1)] is larger (smaller) than the slope of the D(k, m) isoquant
 at [kt+1, mt+1]([kt, mt]). This means

 (43) G =Frt+l (kt+1- kt) = (kt+1 -kt) > Frt = G (43) G~rt Fk+?(Mt - Mt+1) r- ?rt1
 Furthermore, if G is strictly concave in (k, r), then a convex combination'of two
 feasible paths will yield more than the convex combination of their respective

 consumption in each period. Hence, the isoquant of D(k, m) passing through

 (ko, mo) will be strictly concave, and hence the weak inequalities in (43) will be

 6 It may be noted that this is quite different from saying that the present value of investment

 (in capital) is asymptotically the same as the value of disinvestment of resources, i.e., pjI -
 qt(mt -mt+) --- O as t--oo (see also footnotes 4 and 5). This will be trivially true in our case
 since by Proposition 5, p,k, +q^m --O along non-trivial efficient equitable paths. We are
 demonstrating the stronger proposition that investment in physical units is asympototically the
 same as the resource rents, neither of which is zero in the limit.
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 replaced by strict inequalities. Now, clearly, the results of Section 6 depend

 only on obtaining (43), or its strict inequality analogue. Hence, all the results

 of that section can be obtained without the price characterization result, and hence,

 without using (A.4) or (A.4'). It may be noted that we were using only competi-

 tiveness of non-trivial efficient equitable paths, (not the transversaliy condition),

 and this follows from interiority (and efficiency) which only requires (A.1)-(A.3)
 and not (A.4) or (A.4').

 Dalhousie University, Canada

 and

 State University of New York at Stony Brook and Cornell Univer.sity, U.S.A.
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