WILEY

Institute of Social and Economic Research, Osaka University

Intergenerational Equity and Efficient Allocation of Exhaustible Resources

Author(s): Swapan Dasgupta and Tapan Mitra

Source: International Economic Review, Vol. 24, No. 1 (Feb., 1983), pp. 133-153

Published by: Wiley for the Economics Department of the University of Pennsylvania and
Institute of Social and Economic Research, Osaka University

Stable URL: https://www.jstor.org/stable/2526119

Accessed: 29-08-2019 17:43 UTC

JSTOR is a not-for-profit service that helps scholars, researchers, and students discover, use, and build upon a wide
range of content in a trusted digital archive. We use information technology and tools to increase productivity and

facilitate new forms of scholarship. For more information about JSTOR, please contact support@jstor.org.

Your use of the JSTOR archive indicates your acceptance of the Terms & Conditions of Use, available at

https://about.jstor.org/terms

Wiley, Institute of Social and Economic Research, Osaka University are collaborating
with JSTOR to digitize, preserve and extend access to International Economic Review

JSTOR

This content downloaded from 216.165.95.159 on Thu, 29 Aug 2019 17:43:17 UTC
All use subject to https://about.jstor.org/terms



INTERNATIONAL ECONOMIC REVIEW
Vol. 24, No. 1, February, 1983

INTERGENERATIONAL EQUITY AND EFFICIENT
ALLOCATION OF EXHAUSTIBLE RESOURCES*

By SwAPAN DASGUPTA AND TAPAN MITRA!

1. INTRODUCTION

A problem of long-standing interest in intertemporal welfare economics is
whether an appropriate concept of intergenerational equity is compatible with
efficient allocation of resources.

In a model with exhaustible resources, Solow [1974] has interpreted inter-
generational equity to mean equal consumption per capita at each date. The
problem is to find a path (given arbitrary initial conditions) which is equitable in
this sense, and is also intertemporally efficient. If there exists such a path, then
clearly there is no conflict between equity and efficiency. Furthermore, such a
path has an additional feature, namely it is “maximin’’ — the rule of distributive
justice, proposed by Rawls [1971].

A necessary condition for the existence of an efficient equitable path is that there
is some path which can maintain a positive consumption level. Solow [1974]
confines his analysis to the case where the production function is Cobb-Douglas,
and capital does not depreciate. In this case, a necessary and sufficient condition
for the existence of a path which can maintain a positive consumption level is that
the share of capital in current output exceeds the share of the exhaustible resource
in current output. With this additional condition, Solow proves the existence of
an efficient equitable path.

The first purpose of this paper is to solve the existence problem posed by Solow,
for a general production function on capital, labor, and an exhaustible resource.
We assume the existence of an equitable path with positive consumption. (The
general necessary and sufficient technological conditions, under which this assump-
tion is satisfied, have been obtained in Cass and Mitra [1979].) We then prove
(in Theorem 1) the existence of an efficient equitable path, when the exhaustible
resource is “important” in production (in the sense of assumptions (A.3) and
(A.4)). When the resource is not “important’’ (particularly in the sense of (A.3))
the result may not be true. We provide an example to demonstrate this (see
Example 1). We remark (see Rémark 3) that a weaker version of (A.4) which
only requires the assumption to be valid along certain paths (assumption (A.4"))
is enough to establish the result. An example (Example 2) is provided where
(A.3) is satisfied, (A.4) is violated, there exists an efficient and equitable path from

* Manuscript received March 6, 1979; revised September 28, 1982.

1 Research of the second author was partially supported by a National Science Foundation
Grant and an Alfred P. Sloan Research Fellowship. The present version has benefited from
comments by two referees, and the editor.
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134 S. DASGUPTA AND T. MITRA

every positive initial stock and (A.4") is satisfied. This shows that (A.4")
is genuinely weaker than (A.4). We have, however, retained (A.4), in the main
body of our results, which being a general assumption on technology rather than
on specific paths, is possibly easier to verify and less awkward. We also rec-
ognize the possibility that the assumptions used to prove the theorem (in particular
(A.4")) may not be the weakest possible, although they seem essential to the method
of proof used to obtain the existence result. We do not have an example to show
whether or not (A.4") is necessary. Whether an alternative method of proof can
be devised to establish the result under weaker assumptions remains an open
question.

The second purpose of this paper is to provide a price-characterization for
efficient equitable (or maximin) paths. (Such characterizations are abundant in
the theory of optimal economic growth, & la Ramsey.) A motivation for their
study is to examine the possibility of attaining socially desirable allocations by
maximizing behavior of producers and consumers under suitable decentralized
mechanisms (in particular, price systems). Furthermore, these are also useful
for obtaining some interesting qualitative results regarding the maximin growth
paths. Price characterizations of this sort are scarce in the literature on maximin
growth. (For some notable exceptions, see the discussion in Section 5). We
show (in Theorem 2) that a feasible path is efficient and equitable iff there is a
price sequence associated with it, such that (a) at each date, subject to the con-
straint that the present value of consumption does not exceed the present value of
income, “permanent’’ consumption is maximized at the program; (b) at each date,
intertemporal profit is maximized along the program; (c) the present value of
capital and exhaustible resource stocks converge to zero. Conditions (b) and (c)
have been discussed elsewhere (Mitra [1978], Burmeister and Hammond, [1977]).
Our main result is related to (a).

Using this characterization, we show that along an efficient equitable path
investment cannot exceed exhaustible resource rents (Propostion 6). We compare
this result with the observation of Hartwick [1977, 1978] that in a continuous
time version of our model, if investment equals resource rents, for a competitive
path, then the path is equitable. We demonstrate that in a discrete-time model,
the competitive conditions, intergenerational equity and Hartwick’s condition
are incompatible, when the production function is strictly concave (Proposition 7).
Furthermore, for an efficient equitable path, investment always falls short of re-
source rents, under strict concavity of the production function (Theorem 3).
Finally, we demonstrate the robustness of Hartwick’s rule, by proving that it is
“asymptotically valid”’ in our discrete-time framework, in the sense that the excess
of resource rents over investment becomes insignificant over time (Proposition 7
and Theorem 4).

In our concluding section, we provide an informal discussion of an alternative
route to arrive at the results on Hartwick’s rule, given in Section 6, without using
(A.4").
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EQUITY AND EFFICIENCY 135

2. THE MODEL

Consider an economy with a technology given by a production function, G
from R} to R,. The production possibilities consist of capital input, k, ex-
haustible resource input, r, labor input, z, and current output, V=G(k, r, z),
for (k, r, z)>0.2

Following Solow [1974] and Stiglitz [1974], G(k, r, z) can be interpreted as
current output net of depreciation, or simply as current output, assuming no
depreciation of capital. A total output function, F, can be defined by

€)) F(k, v, z) = Gk, r, z) + k for (k,r,z)>0.
The production function, G, is assumed to satisfy:

(A.1) G(k, r, z) is concave, homogeneous of degree one, and continuous for
(k, r, z)>0; it is differentiable for (k, r, z)>0.

(A.2) G is non-decreasing in k, r, and z, for (k, r, z)>0; also, (G, G,, G,)>0
for (k, r, z)»0.3

For (k, r, z)>0, we define the capital share (o), the resource share (f), and the
labor share (y), in current output V=G(k, r, z) by

a = (kGY|G(k, r, 2); = (rG,)/G(k, r, 2);

2)
( y = (2G)[G(k, 7, 2).

By (A.1), (A.2), it is clear that for (k, r, z)>»0, «, 8, and y are positive, and <1,
and (¢+f+7y)=1. Wedenote inf f by .

(k,7,2)>0
The available labor force is assumed to be stationary, and positive, and denoted

by z. We will normalize z=1. In the following, paths are always defined from

non-negative capital and resource stocks. Furthermore, along any path, it is

understood that, always, z,=1 for t>0 (unless explicitly mentioned otherwise).
A feasible path from (k, m) >0 is a sequence {k, m)=<k,, m,) satisfying

(ko, mo) = (k, m)
3) k, >0, and 0<m, ., <m, for t>0

F(k,, m(—m,_{, 1) =k, . =0 for t>0.

In (3), m, is to be interpreted as the resource stock at time ¢. Associated with a
feasible path {k, m) from <{k, m) is a sequence {r, y, ¢ defined by

2 For any two n-vectors, # and v, u>v means u;>v,; for i=1,..., n; u>v means u>v and u+v,
u>v means u;>v; for i=1,..., n.
3 G,=(0G/ok), G,=(aG/or), G,=(0G/dz).
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136 S. DASGUPTA AND T. MITRA

@) re =My — My, Yoy = Flky 1 1) for 1>0

Cirt = Yer1 — Kegy for t>0.
In (4), y,., is to be interpreted as the total output at time (¢+1); ¢,., as the
consumption at time (t+1); and, r, as the resource use at time t. Notice that

(3) and (4) imply that r,>0 for +>0, and Z r,<m. Henceforth, a path will

always refer to a feasible path. A path {k, m> from (k, m) is interior if (k,, r,)>0
for t>0. It is said to maintain a positive consumption level if 1211" ¢,>0.
t

A path (k, m) from (k, m) dominates a path <(k, m) from (k, m) if ¢,>¢, for
t>1, and ¢,>¢, for some t. A path <k, m) from (k, m) is inefficient if there is a
path from (k, m) which dominates it. It is efficient if it is not inefficient.

The production possibilities can be viewed in the “stock version’’ as given by a
technology set .7 of input-output pairs in the following way:

) T = {llk, m, z), (y, m", 0)]:
0<y<Fkrz;0<r<(m-—m);k,r, z,m) >0}

It is clear that if <k, m) is a path from (k, m), then [(k,, m,, z,), (Vs 41> Ms41, 0)] €
7 for t>0.

A path (k, m) from (k, m) is called competitive if there is a non-null sequence
of non-negative prices <{p, q, w)={p,, q,, W,y such that for >0,

Per1Vert + Qev 1Moy — Pk — gimy — Wiz,
(6) 2> Pre1y + qeeym’ — pk — qm — w,z
for all [(k, m, 2), (y, m’, 0)]e T

In other words, the intertemporal profit maximization condition (6) is satisfied at

each date. A competitive path is said to satisfy the transversality condition
at the price sequence {p, g, w) if

(7) ,h_,l?o (ptkt + tht) =0.

It is said to have finite consumption value if

o0

)] 2. Py < 00.

A path (k, m) from (k, m) is a maximin path if

©) inf 2, > infc,
t>1 t>1

for every path (k, m> from (k, m). It is a non-trival maximin path if it is a
maximin path and maintains a positive consumption level. It is an equitable path
if

(10) ¢, = Cqq for t=>1.
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EQUITY AND EFFICIENCY 137

It is a non-trivial equitable path if it is an equitable path and maintains a
positive consumption level.
Given a non-negative summable sequence {x)={x,> we will write

(11) o(x) =3 x, for t>0.
s=t

3. SOME PRELIMINARY PROPERTIES OF EFFICIENT AND EQUITABLE PATHS

In this section, we note some properties of efficient and equitable paths, which
will be useful in the analysis of the next two sections. First, we establish that if
there is an equitable path, then there is an efficient path which has the same
constant consumption as the original path, for =2 onwards (Proposition 1).
Second, we prove that if an efficient path has a positive non-decreasing con-
sumption level, then it is necessarily interior (Proposition 2). We also note a
useful price-support property of interior efficient paths given in Mitra [1978].

For our purpose, we will assume that capital is essential in production:

(A.3) GO, r,2z)=0 for (r,z)>0.
We start with an obvious, but useful, result.

LeMMA 1. Under (A.1) (A4.2), (A4.3), if <k, m)y is an inefficient path from
(k, m), then there is a path {k, m) from (k, m) such that c¢,>¢, for all t>1,
and ¢y >¢;.

Proof: We provide only a sketch. Note, first, that if {(k’, m’) is a path from
(k, m) and c;>c for some ¢>0, and s> 1, then clearly we can find a path <k”, m")
from (k, m) with ¢/ =c; for t#s—1,s, c;=c and c;_;>c; ;. This is because,
by (A.3"), k;_;>0. So we can be reducing c; to c;=c, also reduce ki ; to
ki_, by just enough (by (A.3") again) so that ki =k;. This makes c;_, larger
than ¢,_; by (ki_;—kj_)>0. This procedure leaves k,=k, for t+s—1, and
m,=m{ for all ¢, so c;=c} for ts5—1, s.

If (k, m) is an inefficient path from (k, m), then there is a path {(k’, m"> from
(k, m) such that c¢; >¢, for all ¢, and c;>¢, for some s>1. If s=1, then we are
done. If s>1, then by using the above argument a finite number of times, the
result is established. O

LemMA 2. Under (A.1), if (k", m") is a sequence of paths from (k, m), then
there is a subsequence (k™ , m") which converges co-ordinatewise to a path
<k, my from (k, m).

Proor. Consider the sequence (x,» defined by x,=k, x,,,=F(x,, m, 1) for
t>0. Clearly, for each n, (0,0, 0)<(k?, y?, ¢")<(%; X, %) for t>1; ki=
k, zf=1, 0<mP<m for t>0. Hence, for each ¢, (kF, m?, z¥, yr {, cPq) IS @
bounded sequence. By the Cantor Diagonal Process, there is a subsequence of
n, say n’, such that (k¥, m¥, z¥, y'., c/i,) converges to some (k, m, Z,
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138 S. DASGUPTA AND T. MITRA

Ve+1» Cesy) for each t. Using (A.1), (3) and (4), <k,, m,» =<k, m) is a path from
(k, m). Note that since m! —m, for t>0, so r*'—F, for t>0. O

ProrosITION 1. Under (A.1), (4.2) and (A.3"), if there is an equitable path
Ck, wy from (k, m) with é,=d for t>1, then there is an efficient path <{k, m)
from (k, m) with ¢,=d for t>2, and ¢;>d.

Proor. Let A=[<k, m): (k, m) is a path from (k, m) and ¢,>d for t>2].
Let A, =[c: c=c, for some {k, m) in A]

A, is non-empty since d belongs to 4,. Also, A, is bounded, since for any
path {k, m> from (k, m), we have 0<c, <F(k, m, 1). Let & be the l.u.b. of
A;. Then, there is a sequence (k", m") in A such that c¢? converges to ¢;: By
Lemma 2, there is a path <k, m) from (k, m) with ¢, =¢&,, and ¢,>d for all t>2.

We must have ¢,=d for t>2. Otherwise, using the argument in the proof of
Lermma 1, we can find a path {(k’, m") such that ¢; >d for t>2, and ¢|>¢;=¢,,
a contradiction to ¢, being the 1.u.b. of A;. Using exactly the same argument,
(k, My must also be efficient. |

LeMMA 3. Under (A.2), if k, m) is an efficient path from (k, m), with ¢,, > ¢,
for t>1, then k, >k, for t>0.

ProoFf. Suppose, on the contrary, there is t>0, such that k., ; <k, Clearly,
there is a path (k', m") from (k,,,, m..,) with (k;, m)=(k; 4,12, M. 4,) for
t>0and ¢;=c¢; .4, for t>1. Since m,>m,,;>m_,,, there is a path <k”, m")
from (k, m,) with (kg, mg)=(k,, m,), (ki, m))=(k,_,, m,_;) for t>1 and
clll=G(kr9 FetFesds 1)4_(kt_k1:+2)2 G(kr+ 15 Fev1s 1)+(kr_kt+1)+(kt+1_kr+2)>
Glhey1s Pewrs DH(kepr—kepo)=copa>cCopqs and ¢4y =¢=C442>C40qy foOr
t>1. This proves that {(k, m) is inefficient. This contradiction proves that
kiy 1>k, for t>0. O

For our next result, we strengthen (A.3’) and assume that both capital and the
resource are essential in production.

(A.3) G(k, 0,2) = 0 = G(0, r, z).

PropoOSITION 2. Under (A.1)-(A.3), if <k, m) is an efficient path from (k, m),
with ¢, >c¢, for t>1, and ¢ >0, then k,, >k, for t>0, and m,,,<m, for t>0;
furthermore, the path is interior.

Proor. By Lemma 3, k,., >k, for t>0. If m,=m,,, for some t=r, then
r.=0, and by (A.3), G(k,, r,, 1)=0. Since c¢,;>0, so k., <k, a contradiction.
Since m,, ; <m, for t>0, so m,,  <m, for t>0.

Clearly, k> 0; otherwise, if k=0, then by (A.3), ¢, =G(k, ro, D) +k—k,=—k,>
0, since ¢; >0, a contradiction. Since k,, >k, for t>0, by Lemma 3, so k,>0
for t>0. Since m,,;<m, for >0, so r,>0. Hence, {k, m) is interior.

To prove that k,,. >k, for >0, suppose, on the contrary, that k,, =k, for
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EQUITY AND EFFICIENCY 139

some t=T. Then, there is a path <k, m’) from (ky, my) with (kg, mg)=
(ky, my) and (ki, mp)=(K, 4141, Myopiq) for t>1 and ¢§=Glky, re+rryy, D+
kr—kpyy=Glkryy, rr+rryg, Dtkroy—kryy>Glhkryys Fron D4Kkrey—krio
(since <k, m) is interior, and (A.2) holds)=cy,,>criq; and ¢, 1 =Ci74+2=>
¢,.r+q for t>1. Hence, (k, m) is inefficient, a contradiction. O

As a final result of this section, we note that for an interior competitive path,
the present-value price of the exhaustible resource is a constant. A proof is given
in Mitra [1978, Proposition 3.1 and Theorem 4.1].

LemMA 4. Under (A.1) and (A.2), if an interior path {k, m) from (k, m) is
competitive at the price sequence {p, q, w), then

(12) g =g+, for t>0
(13) F,., =F.F,.,  for t=0

4. EXISTENCE OF AN EFFICIENT EQUITABLE PATH

Our objective in this section is to establish the existence of an efficient equitable
path, given arbitrary positive initial capital and resource stocks. In the process,
we will notice that such a path is precisely the maximin path from these initial
stocks.

Such a result is established by Solow [1974] when the production function,
G, is Cobb-Douglas, and the capital share exceeds the resource share. His method
is, roughly speaking, to construct a particular type of path, and to show that
this path is an efficient equitable path. The construction relies on being able
to solve for the capital and resource sequences as functions of time, in closed
form. For a general production function like ours, this method does not work.
Consequently, we follow an alternative two-step procedure, which can be described
in the following way. First, we consider the set of all constant consumption
paths, and choose the one with maximum constant consumption. Such a path is
shown to exist. Second, we show that this path is efficient.

The difficult step in this procedure is, obviously, the second, for it requires
that if the maximum constant consumption path is inefficient — and so, we can
improve the lot of one generation without worsening the lot of any other — then
we can increase the consumption of every generation by a constant positive
amount.

For our existence proof, we need, in addition to (A.1)-(A.3), an assumption
which says that the resource is “important”’ in production (in a sense made precise
in (A.4) below). We also need to assume that there exists a non-trivial equitable
path from positive initial stocks (see Condition E below). We demonstrate that
Condition E is a necessary condition for the existence of an efficient equitable
program, so its use in our existence proof is clearly justified.

This still leaves one with the question of whether (A.3) and (A.4) are essential
for the existence result. Example 1 provides a case of a production function for
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140 S. DASGUPTA AND T. MITRA

which (A.3), (A.4) are violated, Condition E holds, and there does not exist an
efficient equitable program. We remark that a weaker version of (A.4) (see
(A.4") below) where the resource is “important’’ along certain paths, together
with (A.3), are enough to prove the existence theorem. Example 2 shows that
(A.4") is genuinely weaker than (A.4). We do not have an example to show
whether (A.4") is necessary or not. Whether this could be weakened further or
dispensed with remains an open question.
We start the analysis by proving the existence of a maximin path.

PROPOSITION 3. Under (A.1) and (A.2) there exists an equitable maximin
path from (k, m).

Proor. Let B={Kk, m): <k, m) is a path from (k, m), and ¢,=c,,, for t>1}.
B is non-empty, since the equitable path with zero consumption is in B. Let B; =
{c: (k, m) is in B and ¢;=c}. B, is bounded since for any path <k, m) from
(k, m),0<c;<F(k,m, 1}. Let c§f be the l.u.b. of B;. Then there exists a
sequence (k", m") in B such that ¢} converges to ¢f. By Lemma 2, there is a
path <k, m) from (k, m) with ¢,=¢,,, for t>1, and ¢, =c¥. We claim that this
is a maximin path from (k, m). If not, then there is a path (k, ) from (k, m)
such that 12{" ¢,>¢,=cf. But then, clearly, there exists a path <k, m’) from

t

(k, m) with ¢, =inf ¢, for ¢t > 1, which contradicts the definition of c¥. O
t>1

It is quite obvious, intuitively, that the existence of an efficient equitable path
requires that there be some path which can maintain a positive consumption
level. The assumptions (A.1) to (A.3) and (A.4) (see below) are not sufficient to
ensure the existence of such a path, as is clear from the studies by Solow [1974],
Stiglitz [1974] and Cass and Mitra [1979]. We therefore proceed by considering
the following condition.

ConDITION E.  There exists a non-trivial equitable path from (k, 7)> 0.

For a complete characterization of production functions, G, for which Condition
E is satisfied, the reader is referred to the analysis in Cass and Mitra [1979]. We
may now prove

ProrosITION 4. Under (A.1)~(A.3) and Condition E, there exists an efficient
and equitable path <k, m) from some (k, m) with ¢,>0 for all t>0.

PrROOF. By Condition E, there is an equitable path <k, m) from (k, m) with
¢,=d>0 for t>1. By Proposition 1, there is an efficient path {k’, m’) from
(k, m) with ¢,=d for t>2 and c¢;>d. Let (k,, m;)=(k, m); then the path
(k, my from (k}, m}) defined by (k,, m,)=(k},, m},,) for t>0 is an efficient and
equitable path with ¢,=d>0 for t>1. O

For our next result, we need an additional assumption, which conveys (along
with (A.3)) that the exhaustible resource is “important’’ in production.
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EQUITY AND EFFICIENCY 141

(A4) Given any (k, F)»0, there is >0 such that for all (k,r) satisfying
k>k, 0<r<F¥, we have {[rG(k, r, )]/G(k, r, 1)} >1.

This assumption says, roughly speaking, that the ratio of the share of resource
in output to the share of labor in output is bounded away from zero. If the
share of resource in output is bounded away from zero [#> 0], then clearly (A.4)
is satisfied. This stronger assumption has been used by Mitra [1978] to provide
a price-characterization of efficient paths.

LEMMA 5. Under (A.1)-(A.4), if there exists an efficient equitable path {k, m)
Sfrom (k, m), with ¢,>0 for all t, then given any 6> 1, there exists A>1, and a
path k', m") from (dk, om) with c,>/10,for t>1.

Proor. Since ¢,=d>0 for all t, k>0 by (A.3). By Proposition 2, k,, >k,
0<m,,,<m, for t>0 and the path is interior. Hence k,>k for t>0 and 0<
r.<mfort>0. By (A.4), given > 1, there is #> 0 such that for k>, 0<r <dm,

(14 {[rG(k, r, D]/G(k, r, D} = n.
Choose 6 >4>1, such that
(15) [A=D/6 -] < [n/d].
Clearly, this can be done. Then, for t>0,
(16) G(Ak,, or,, 1) — G(Ak,, Ar,, 1) > 0.
To see this, we write, for >0,

G(4k,, or,, 1) — G(Ak,, Ar,, 1)

> Gk, or, 1)(6—A)r, — G (Ak,, or,, 1)(A—1)

o (6= )G, (s, 51 DS, ]
— (A=1)G,(Ak,, 6r,, 1)[{ e 1)} 1

_ (6—=Mn } _ ]
> (A= 1)G, (k. b, D] {5720 = 1] >0,
since Ak, >k, 0<dr,<dm and by using (15). This verifies (16).
Construct a sequence <k’, m") in the following way: ko=90k, k, =2k, for t>1
and m,=0m, for t>0. Then

0 00
>r=0r <om.
=0 =0

Also, for t>0, c,.,=F(k,, r;, )—ki.1>G(Ak,, 6r,, 1)+ Ak,— Ak, =>G(Ak,, Ar,,
A+ Ak, —2k, . [by using (16)]1=A[G(k,, r,, )+ k,—k,.1]=4c,4,. Hence, k',
m’> is a path from (8k, dm) and c,, > Ac,, for t>0. Od

The following is a version of (A.4) where the assumption is made along certain
efficient equitable paths (whose existence from some stocks has been established
in Proposition 4).
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142 S. DASGUPTA AND T. MITRA

(A4 If <k, m) is any efficient and equitable path from some (k, m) with
¢,=d>0 for all t>1, and 6>1, then there is n>0 such that
[r-G[k, r, D)]/G(k, r, 1)>n holds for k,<k<dk, and r,<r<ér, for
every t>0.

Remark 1. From the first part of the proof of Lemma 5 and the fact that
0>1, it is immediate that (A.4) implies (A.4").

Remark 2. From the proof of Lemma 3, it is clear that the inequalities (15)
and (16) can be established in the same way directly from (A.4"). Given §>1,
n>0 can be chosen as assured by (A.4"); given § and #, A>1 and A< can be chosen
to satisfy (15). Since A<, (A.4’) can be used to obtain (16). Lemma 5 there-
fore holds with (A.4) replaced by (A.4").

We now state and prove the main result of this section.

THEOREM 1. Under (A.1)-(A.4), there exists an efficient equitable path from
(k, m)>0 if and only if Condition E holds.

PrOOF. (Necessity) Suppose there exists an efficient equitable path <k, m)
from (k, m)>»>0. If Condition E does not hold, then ¢,=0 for t>] Since
(k, m)>0, this implies that <k, m) is inefficient, a contradiction.

(Sufficiency) By Proposition 3 and Condition E, there exists a non-trivial
equitable maximin path <k, m) from (k, m). Suppose this is not eflicient, then
by Proposition 1, there is an efficient path <k, m) from (k, m) with ¢,>c,=d
and ¢,=d for t>2. Then clearly there are paths (k’, m’> from (I?l, ) with
(kts 75 285 Yivts Ct+1) (Et+1’ Fert1s Zeats Peazs Grag) for >0 and (k, m) from
(Ez’ ml) with (kn T Zp yt+1’ ct+1) ( t+2s rt+29 Zr+2’ .Vt+3’ Ct+3) for t>0
Clearly, both are efficient and equitable with ¢,=c¢,=d>0 for all t>0. By
Proposition 2, therefore, both are interior and k,,,>k, for >0, k,,,>k, for
t>0.

Let ¢, —d=¢,;>0. Then clearly there is a path {(k”, m") from (k, m) such that
di=d+e2, ki=k,+¢,2, m{=m; and (k/, m/)=(k, m, for t>2. Since
(k', m"y is interior, therefore O<ro=7;=m,—m,=m{—my=r]. Since k>
k., hence by (A.2), c5=F(kj, vj, )= k3> F(k,, 7,, 1)—k}=¢, (since ky=k,)=d.
Let e,=c3,—d>0. By (A.1) and (A.2), we can find 0<0<1 such that F(k],
0ry, 1)—k3=d+e,/2. Hence there is a path (k, i) from (k, m) such that
Gi=ci=d+e 2, E=d+e,d, ky=k|, k,=ki+e,/d=k,+e,/4, 1i,=m)|=in,,
i, =ms+(1 =0y =m,+(1 =0, (k,, m)=(k!, m})=(k,, m,) for t>3.

It is clear then, that there is >1 such that k,>dk, and #,>dm,. Since
(k, m) is an efficient and equitable path from (k,, 711,) with ¢,=d >0 for all ¢,

therefore by Lemma 5, there is A>1 and a path (l@, rﬁ} from (8k,, 6i1,) such that
§,>/lé, Ad for all t>1. Hence there is a path <k*, m*> from (k, m) such that
k

¢

1, k¥=06k,, m¥=m,, m¥=dm,, (k¥ m¥)= (k, 2 m, ,) for all >3, ¢¥>

*_
=k
1 =>d+e /2, ck>¢,>d+¢,/4 and cf>Ad for t>3. But then {(k* m*) is a path
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EQUITY AND EFFICIENCY 143

from (k, m) with 1nf c; >d—1nf ¢, which contradicts <k, m) is a maximin path.

Hence our supposmon that <k m) is inefficient is false. dJ

Remark 3. Tt is clear from Remark 2 and the proof of Theorem 1 that we can
replace (A.4) in the hypothesis of Theorem 1 by the weaker assumption (A.4").

We now note a simple corollary which follows directly from Theorem 1.

CoRrROLLARY 1. Under (A.1)-(A.4), a path {k, m) from (k, m)>0 is an effi-
cient equitable path if and only if it is a non-trivial maximin path.

The following example shows that when (A.3) and (A.4) are violated, an efficient
equitable path need not exist.

Example 1. Let G(k, r, z)=k'*r3/*+z; k=m=1. First, note that Con-
dition E is satisfied. The sequence <k, iy, defined by k,=k=1, m,=1 for >0,
is clearly a path (with 7,=0, ¢,.,=1, y,.,=2 for t>0) and it is a non-trivial
equitable path. Next, it can be checked that both (A.3) and (A.4) are violated.

We demonstrate, now, that 1 is the maximum constant consumption level, for
any equitable path. Suppose, on the contrary, that there is a path {k, m) from
(k, m), with ¢,=(1+e¢) for t>1, where ¢>0. Then, for t>0, we have 1+e=
c,+1—k1/“r3/4+1+k .y, Of e=kM4p3/44k,—k,,,. Define (k) as follows:
ko=k, kyyy=k!*r3/*+k, for t>0. Then, clearly, k, <k, for t>0; also k,, >k,
for t>0. Hence, k3[4 —k3+<[k,,,/kt/*]—[k,/k}/*]=r¥4 Hence, for T >0,

-~ T T
(k34 —k341< X r34 <[ Y r3/4[T+ 114 {by Holder’s inequality} < [T+ 1]'/4,
t=0 t=0

since m=1. Hence, there is a scalar 0< 4 < co, such that k,<A(t+1)'/3 for ¢t >0.
Now, for t>0, k1 —k,=kl/4r3/*—e<kl/4r3/*—e. Hence,for T>0,kpy —ko<

T . T . ) T+2 1/4
[> kJY4[Y r]3*—(T+1)e {by Holder’s inequality} SA“/“){S x3dxy  —
t=0 t=0

1
(T+1D)e<BADHVAL(T+2)*3]Y*—(T+ 1)e=(3A4/4H)V*4(T+2)1/3—(T+1)e.  Then
for T large, k<0, a contradiction. (The method used here is a discrete-time
analog of the technique used by Solow [1974].)

Thus, we have shown (k, W) is a maximin path from (k, m). However, this
path is clearly inefficient, since the sequence (k’, m’) defined by k;=k=1, my=1,

=0for t>1 (with ro=1, r;=0for t>1; c¢{=2, c;=1for t>2; y; =3, y;=2 for
t>2)is a path from (k, m), which dominates <k, m).

The next example demonstrates that (A.4') is genuinely weaker than (A.4).
Here (A.1)~(A.3) and (A.4") are satisfied, (A.4) is violated and efficient equitable
paths exist from every positive initial stock. The example also demonstrates that
the class of production functions for which assumptions (A.1)~(A.3) and (A.4') are
satisfied is wider than the class of Cobb-Douglas production functions.

Example 2. Let G(k,r,z)=z-log[1+(r*kP)/z**#] when z>0, and G(k, r,0)=
0 for every (k, r)>0. Here f—20>1/2, >0 and a+f<1. It is clear that
G is homogeneous of degree one and that G is continuous at (k, r, z) if z>0.
It can also be verified that G is continuous at (k, r, 0).

This content downloaded from 216.165.95.159 on Thu, 29 Aug 2019 17:43:17 UTC
All use subject to https://about.jstor.org/terms



144 S. DASGUPTA AND T. MITRA

Differentiability of G for (k, r, z)>01is clear. Some routine calculations can be
made to verify that G is concave. Assumptions (A.2) and (A.3) can be similarly
checked.

To check that Condition E is satisfied, note that D(k, m) (see Section 5) is con-
cave, non-decreasing in (k, m) and D(0, 0)=0. Hence, D(k, m)>0 for some
(k, m)> 0 verifies that D(k, m)>0 for all (k, m)>0, i.e., Condition E holds. Let

(k, m)=(4, 3 1/12). Let k,=4 for t=1,..., 3, k=t for t>3, r,=1/2 for t>1.
t=1

Then G(k, r)>log [1+tF~2*]>log3>1+¢ for some &¢>0 since f—2u>1/2.
Then D(k, m)>¢>0.

Next we check that (A.4) is violated. First it can be checked that
[r- Gk, r, 2)]/G(k, r, z)=[o/(1+&)][e/log (1+&)] where e=r2kf[z**#, Then

(a) ¢ — oo implies that - G,/G(-) - 0 and

(b) 0<a<e<b< ooimplies that 0 < §, < [r-G,/G(-)]
<, < oo for some d,, 6

Also, [z-G,/G(-)]=1—{[(oe+ B)e]/[(1 +¢) log (1 +¢&)]} hence,

(c) & — oo implies that [z-G,/G(-)] —» 1 and

(d) 0<a<e<b< coimplies that 0 < §; < [(z-G,)/G(-)]
< 8, < oo for some &, 5,.

(a) and (c) show that (A.4) is violated by taking the sequence (¢, k?, z*)=(1/t,
12, 1). Also (b) and (d) show that [r- Gk, r, 2)]/G,(k, r, z)>n>0 for some 7
if there are d,, d, such that 0<d, <G(k, r, z)<d, < c0.

We now show that (A.4') is satisfied. If <(k, m) is an efficient and equltable
path, then G(k,, r,, 1)>c,=d>0forallt. Also, by (43) (see Section 7), k,,; —k, <
r.-Gr, and r-G,=[oar*k?[(1+r*kf)]<a. Hence, G(k, r;, 1)<a+d. Let §>1,
then 0<d<G(k,, 7, 1)<G(k, r, 1)<G(Sk,, 6r,, 1)<(a+d) for (k, r, N
(k, r, 1) <(0k,, or,, 1) for all t. Hence there is >0 such that for such (k, r, 1) we
have [r-G/k, r, 1)/G,(k, r, 1)]>n. This shows that (A.4") is satisfied. Hence
there exists an efficient and equitable path from every (k, m)>0 by Theorem 1 and
Remark 3.

5. PRICE CHARACTERIZATION OF EFFICIENT EQUITABLE PATHS

In this section, we will provide a price characterization of efficient equitable
(or maximin) paths, when such paths exist. We will show that a path is efficient
and equitable if and only if there is a price sequence such that (a) at each date,
subject to the budget constraint that the present-value of consumption does not
exceed the present-value of income, “permanent’’ consumption is maximized at
the program; (b) at each date, intertemporal profit is maximized at the program,
and (c) the transversality condition is satisfied. This type of characterization is
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EQUITY AND EFFICIENCY 145

rather prominent in optimal growth theory, but is scarce in the literature on
maximin programs.

Conditions (b) and (c) have been discussed in the literature on efficiency (see
Mitra [1978]) and maximin programs (see Burmeister and Hammond [1977], and
Dixit, Hammond and Hoel [1980]). These characterize efficient paths, whether
maximin or not (see Mitra [1978]). Clearly, if one assumes that a given path is
equitable then it is maximin if and only if (b) and (c) hold, which is what Pro-
position 5 below says. Burmeister and Hammond [1977] show that if (b) and (c)
hold, and the path is equitable, then it is maximin. Their method of proof,
however, is direct, and does not involve showing that the path is efficient; their
model is also more general than ours. However, whether these conditions are
necessary for a maximin program is an issue they do not address. The point of
interest in the present exercise is in characterizing efficiency and equity by means of
certain value maximization, profit maximization and transversality conditions
alone. More precisely, without assuming that the given path is equitable we show
that conditions (a) through (c) are necessary and sufficient for efficiency and equity
(and hence maximin); see Theorem 2 below.

It is clear that compared to the characterization of efficiency or optimality, the
condition which is different here (and is the one of main interest) is (a). It is,
therefore, worthwhile to try to spell out the meaning of this condition, in somewhat
greater detail. If the price-sequence supporting the path (k, m) from (k, m) is
{p, q, w), then the present-value of income at date ¢, at the path is

0
plkl + qlm! + zt Ws‘
o=

Consider, now, any capital and resource stock pair (k’, m’), and consider any
constant consumption level ¢’ which is feasible from the stocks (X', m’). Then,
¢’ can be interpreted as a ‘“‘permanent’’ consumption level attainable with these
stocks, and the constant input of labor. Condition (a) states, firstly, that the
present-value of this “permanent’’ consumption, ¢, cannot exceed the present-
value of income; that is,

a0 a0

2 pc < pk'+gm + 3w,
s=t+1 s=t
Secondly, it states that the present-value of income on the path is exhausted by the
present-value of a consumption stream just maintaining the current consumption
level; that is,

0 o0
Y PsCisr = Pk, + qm, + El Ws.

s=t+1

+

Thus, if the present-value of income along the path is the budget, and the present-
value of any “permanent’’ consumption stream, ¢”, is within this budget; that is,

oo} a0
2 p¢" < pk, + gm, + g{ Wi

s=t+1

+
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146 S. DASGUPTA AND T. MITRA

then ¢”" <¢,.,. In other words, ¢,,; is the maximum permanent consumption
fo o}

attainable within the present-value budget of [p,k,+ q,m,+ > w,].
5=t

Together, it means that if the present-value of income of the comparison pair,
(k', m'), does not exceed the present-value of income along the path, that is,

O 0
pk + qm' + Zt wy < pk, + qm, + Zr Wy
§= §=

the “permanent’’ consumption ¢’ cannot exceed ¢, , at the path. This is, as will
be clear below, analogous to the price support property of value functions in the
optimal growth literature (see McKenzie [1979]).

In Proposition 5 below we essentially state the result on the price characterization
of efficiency contained in Theorem 4.1 in Mitra [1978], as applied to efficient
equitable paths. Since our assumption (A.4) or (A.4') are weaker than the as-
sumption employed in Mitra [1978], we need to elaborate the first few steps of the
proof. The rest follows from a direct application of the methods used by Mitra
[1978]. It may be noted that (A.4) can be employed only along paths for which
inf k,>0. It was shown in Section 3 that “inf k, >0 is satisfied for efficient paths
with non-decreasing consumption; but this condition is clearly not satisfied for
arbitrary interior efficient paths, which are discussed in Mitra [1978].

PropoSITION 5. Under (A.1)-(A4.4), a path <k, m)> from (k, m)>0 is efficient
and equitable iff there is a price sequence {p, q, w) with (p,, q,, w)>»0 for t>0,
such that (17)—(19) below hold:

0=DstVes1 + Qex 1My — Pk — qm, — w,z,

(17) > piy1y + Geom’ — pk —gm — w,z for all

[k, m, z),(y, m', 0)]e T, t > 0.
(18) IILTJ (pke+gqm) =0
(19) C = Cryy for t>1.
Furthermore, the following inequalities hold along an efficient, equitable path:
(20) S w, <

t=0

21 > pic, < 0.

Proofr. (Sufficiency) Using(17), (18), we know from Malinvaud [1953, Lemma
5] that (k, m) is an efficient path from (k, m), since p,>0 for t>0. By (19),
<k, m) is equitable.

(Necessity) If (k, m) is efficient and equitable, since (k, m)>»0, therefore,
¢,=d>0, for t>1. Hence, by Proposition 2, <k, m) is interior and k,, >k, >k
for t>0.
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EQUITY AND EFFICIENCY 147

Define a sequence <{p, q, w) as follows:
Po = (Fio/Fro)s Pevy = (1/F,)  for >0
Wr=P:+1th,q1=1 fOf tZO

(22)

Then, by Propositions 3.1 and 3.2 in Mitra [1978], (17) is satisfied at the sequence
{p, q, w) defined by (22). Also, clearly, (p,, q,, w,)>»0 for t>0. By (A.4), there
is #>0 such that for k>k, O<r<m,

(23) {[rGk, r, D]/G.(k, r, 1)} = 1.
Then for ¢t >0, since k,>k and 0<r,<m, by (23),
(24) w, = [G.(k;, r D/Gky, 1y D] < (1n)r,.

Since Z r,<m, so Z w,<o0. Thus (20) is verified.
Now, followmg exactly the necessity proof of Theorem 4.1 in Mitra [1978],
(18) and (21) hold. O

To proceed further, we define a set D(k, m), for every pair of stocks (k, m)>0.
D(k, m)={c: <k, m) is an equitable path from (k, m) and ¢, =c}. D(k, m) gives
the set of consumption levels which can be maintained from the stocks (k, m).
Let D(k, m)=Max{c: ce D(k, m)}. We now state and prove the main result of
this section.

THEOREM 2. Under (A.1)-(A.4), a path <k, m) from (k,m)>»0 is efficient and
equitable iff there is a price sequence {p, q, w) with (p,, q,, w,)»0 for t>0, and
Py, {w,> summable, such that

0 =0,41(p)civ1 — Dk — gm, — o(W)
> 0,44(p)c — pk — gm — a(w),  for ceD(k, m),t>0
and (17), (18) hold.

(25)

PRrOOF. (Sufficiency) By (17), (18), <k, m) is an efficient path from (k, m), by
Malinvaud [1953, Lemma 5].

By (17)a we have for §=>0, Ds+1Cs+1=Ps+1Vs+1 _ps+lks+1 =(qsms—qs+lms+l)+
(psks—ps+ 1ks+ 1) +ws. Sofort>0,and T>t,

T T
(26) z=‘,’ Ps+1Cs+1 = [qem,—qr o imri ] + [Pk — Prsikre] + EI Ws.

o0 00
Since {w,» is summable, so > w is convergent, and, by (26), sO is X psy (Cs41-
s=t s=t

Then, using (18), we have § Ds+1Cs+1=4:Mm,+ p;k,+a,(w). By (25), we also have
0 s=t

2 Ps+1G+1=qm,+pk,+alw). So, for >0,

s=t

27N 2 Ps+1Cs41 = 2 Ds+1Cr41-
s=t s=t
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We will now show that ¢, =¢,,, for t>0. Note that Z ps+1cs+1—p,+1c,+1+

Z ps+lcs+l— Z Ps+1C+2 + Dis1Ci+ 1> DYy using (27) Also ZP>+1C>+1—

S t+

SZ_’ Ps+1¢+1 [bY (27)]=s_§l Ps+1Cir1 + Prr1Ciate S0, €i10144(P)=¢14 20,4 1(P):
Since p,>0, so 6, ,(p)>0, and since {p,) is summable, so g,,,(p)<o0. Hence,
Cir1=0C4, for t>0. This means that <k, m) is an equitable path.

(Necessity) Since <k, m) is efficient and equitable and (k, m)>0, hence ¢,=
d>0 for t>1. By Proposition 5, (17), (18) are satisfied at a price sequence
{p, q, w) defined by (22). Furthermore, (p,, q,, w,)>» 0 for t>0, w, is summable
by (20), and since <k, m) is equitable with ¢,=d>0 for t>1, so by (21), {p,> is
also summable.

By (17), (18), we obtain [by the method used in the sufficiency part] f Dsi1®
5=t

Cs+1=4,m,+ pk,+0o(w). Since c,,, is constant for s>0, so
(28) 0+ 1(P)Ci+ 1 = g, + pk, + o(W) for t>0.

For any path <k’, m") from (k, m)>0, we have, by (17), for any u>
0, and t=s+u, (where s>0), p,y (11 =Pr1(Vsr1— ks ) (@M — oy 1Mgi ) +

(pki—piv1kir)+w,. Since {(w,) is summable, so Y p,,,csy; is convergent.
0 s=0 —

So, we have Y p,. ¢s41<q.m+pk+o,(w). Now, consider any ¢ in D(k, m).
s=0

Associated with ¢ is an equitable path {k”, m") from (k, m), with ¢/ =c¢ for t>1.
Then, we have for any u >0,

(29) 0u+1(P)c < gm + pk + o, (w).
Clearly, (28) and (29) establish (25). O

Remark 4. 1t is clear from the proofs that in Proposition 5 and Theorem 2 we
can replace (A.4) by (A.4’). The same is true of all the results in Section 6.

6. INVESTMENT, RESOURCE RENTS AND HARTWICK’S RULE

In this section, we compare some of the consequences of our price character-
ization result (Theorem 2) with the observation of Hartwick [1977, 1978] that if
along an interior competitive path, investment equals exhaustible resource rents,
then this ensures that the path is equitable. This result is established by
Hartwick in a continuous-time version of the model examined here.

We find that, in our discrete-time framework, the price characterization theorem
yields the result that investment cannot exceed resource rents for efficient equitable
paths [Proposition 6]. Furthermore, if the production function, G, is strictly
concave, the competitive conditions, equity and Hartwick’s rule are inconsistent
for interior paths [Proposition 7]. In fact, along an efficient equitable path,
investment is strictly smaller than resource rents in each period [Theorem 3].

It should be mentioned here that the difference between our results and
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EQUITY AND EFFICIENCY 149

Hartwick’s result is not caused by a “time-phasing’’ problem: the same differ-
ence continues to obtain if, for example, we assume that current output is a
function of the current period’s inputs, rather than of the previous period’s
inputs, as we have done throughout this paper. Rather, the difference arises
because of the continuous and discrete treatment of time.

But if the difference is caused by the distinct treatments of time, one would
expect the difference to vanish asymptotically. This is precisely what happens.
We show that for efficient equitable paths the ratio of investment to resource rents
converges to unity as t— oo [Proposition 8]. Furthermore, the difference between
investment and resource rents converges to zero as {— 0, if the sum of the shares
of capital and labor is bounded away from zero [Theorem 4]. In other words,
Hartwick’s rule is true asymptotically, even in a discrete-time framework.

In order to proceed with our analysis, we associate with a path {(k, m> from
(k, m) an investment sequence {I) =<1,y given by

(30) Lyi=k.,1—k for t>0.

PROPOSITION 6. Under (A.1)-(A4.4), if {k, m) is an efficient equitable path
from (k, m)>0, then

(31) L, <G,r, for t>0, and
t>1.

(32) L = Grt_jrt Sfor

Proor. If (k, m) from (k, m)> 0 is efficient and equitable, then by Proposition
5, it is competitive at the price sequence {p, g, w) defined by (22).

Let ¢,=c¢,.;=d for t>1. Then, since d e D(k,, m,) for t>0, so by using (25)
of Theorem 2,

042D — Pr 1K1 — Q1M — 0 1(W)
> 0442(P)d — Pri 1k — Q1M — iy (W)

So pryilkes 1 — k) <qpy i (m—myy ) =g,y re.* Using (22), (k, 4, — k) <G, r,, which
is (31).
Since d € D(k, 1, m, ) for t>1, so by using (25) of Theorem 2,

6:+1(p)d — pk, — qm, — a(w)

2 0,4 1(P)d — pikis1 — eyt — 0(W).

4 Tt is clear that these inequalities should be valid in more general multi-sector models (where
one looks at constant utility rather than constant consumption paths). Interpreting k as a vector
of capital stocks and m as a vector of exhaustible resources since D(k, m) is concave, hence at
any point (k, m) there is a price support (1, p, q), i.e., D(k,m) — p-k — gm>D(k’,m’) — p+-k’ —
q - m’ for any (k’, m’)>0. In our case, the price support at (k,+1, 7,41) iS [1, Pi+1/01+2(D),
q.+1/9:+2(p)]. In the proof we are using this price support property of the value function D(k, m)
at each ¢ to obtain these inequalities, which say that present value of investment (at terminal
prices) <0, where investment includes both additions to capital equipment as well as decumula-
tions of resource stocks.
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150 S. DASGUPTA AND T. MITRA

So, pdker1—k)=q(m,—m,.)=qr.> Using (22), (k41 —k)=> G,,_ .1 which
is (32). o

For our next result, we assume

(A.5) G(k, r, 1) is strictly concave, i.e., given (k, r)=+(k’, r'), and 0<0<1,
GLOk+(1 -0k, Or+(1—0)', 11>0G(k, r, )+ (1 —=0)G(K', ¥, 1).

LeEMMA 6. Under (4.1)-(A.3) and (A.5), if <k, m) is an interior, competitive,
equitable path from (k, m)>0, then for t>0,

(33) Iy = G,r, implies 1,45 > Gy, Triy

(34) Livy = Gy riy implies I3 < Gy, Frys

Proor. If for some t>0, I,,; =G,r, then since <k, m) is interior, G,,r,>0,
and so [,;;>0, ie, ky1>k. Now, kyo—k1=[F(kitys v D—cri]—
[F(ky 7y )=, 1 1=F(ky 415 ¥141, ) —F(k,, 7, 1) {since <k, m) is equitable}>
Froo(kisi—k)+Fopy (rey—1) {by using ke, #k and (AS)=Fy, G,r+
F, ., (r.,—r) {since I,,,=G,r}=G,, (r,+r)—G,, v {by using (13), since
<k, m) is interior and competitive} =G, , r,+;. This proves (33). The proof
of (34) is similar, and is therefore omitted. O

Remark 5. Note that the proof of Lemma 6 actually establishes a stronger
result than (33), viz., if for some t>0, I,,,;>G,r, then I,,,>G,, 1., This
means, clearly, that I,,, =G,r, can hold for at most a single period. Given this
observation, the following proposition is self-evident, and is therefore presented
without a proof.

PrOPOSITION 7. Under (A.1)-(A4.3) and (A.S), if <k, m) is an interior com-
petitive, equitable path from (k, m)»0, then I,,=G,r, can hold for, at most,
one period.

THEOREM 3. Under (A.1)~(A.5), if <k, m) is an efficient equitable path from
(k, m)>0, then

(35) I, <G, for t>0, and
(36) Iy > G, 1y for t>1

Proor. By Proposition 5, <k, m) is competitive.

If (35) is violated for some period, 7, then, by Proposition 6, I..;=G,r..
By Lemma 6, I.,,>G,_, 7., which contradicts (31). Similarly, (32) and (34)
yield (36). O

5 The same is true here as in footnote 4, except that the inequality says present value of
investment (at initial prices)>0. These rules would be discrete time analogs of one in continuous
time models, which say that present value of net investment=0 along an efficient equitable path
(see Dixit, Hammond and Hoel [1980]).
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Remark 6. Theorem 3 shows that an efficient equitable path violates
Hartwick’s rule in every period, if (A.1)-(A.5) hold.

We now proceed to show that Hartwick’s rule is valid “asymptotically.”

LemmA 7. Under (A.1)-(A4.3), if <k, m) is an efficient path from (k, m) with
G126 for t>1, and ¢, >0, then G,,—0 as t—c0.

ProoF. By Proposition 2, {k, m) is interior, and I,, ;>0 for t>0. Hence,
G(k,, 7, 1)>¢, 1 =c¢y for t>0. Since r,—0 as t— o0, so k,— o0 as t— o0, by (A.1)
and (A.3).

If, contrary to the lemma, there is >0, such that G,,>0 for a subsequence of
periods, then G(k,, r,, 1)>G, k,— oo for this subsequence of periods. For this
subsequence, 1=[G(k, r, 1)/G(k, r, 1)]=G[{k/G(k;, 1, 1)}, {r/G(k, r, 1},
{1/G(k,, r,, D}], by (A.1). Since G(k,, r,, 1)>00 for the subsequence, so
{r/G(k, r,, 1)} and {1/G(k,, r,, 1)}—0 along the subsequence. Then, by (A.3),
we must have {k,/G(k, r, 1)}—>c0 for the subsequence. But then {G,k,/G(k,
r, 1)}—> o0 for the subsequence. But by (A.1), we have [G, k,/G(k, r, 1)]<1
for t>0, a contradiction. O

ProrosSITION 8. Under (A.1)-(A4.4) if <k, m) is an efficient equitable path
from (k, m)>0, then

37 U +1/Gri]l — 1 as t—> o0, and
(38) U;+1/Gy vl — 1 as t— co.

ProoF. By Proposition 2, <k, m) is interior; hence, the magnitudes in (37)
and (38) are well defined.
By Proposition 6, for t>1, G,,_,

(39) (G 1/ Gyl < Uisa/Grre] < 1

Now, [G,,_,r/G,r]1=I[G,,_ /G,]. Since {k, m) is efficient and equitable, so it
is competitive, by Proposition 5. Since it is interior, so (13) holds. Hence,
for t>1, [G,,_ /G, ]=[1/{1+G,}]. By Lemma7, G, —0 as t—oo. Using
these facts, [G,,_ r/G,r]—1 as t—oo. Hence, by (39), (37) holds. Similar
reasoning verifies (38). O

r<l,+;<G,r. So,fort>1,

For our final result we need

(A.6) inf (x+7) > 0.
(k,r,z)>0

THEOREM 4. Under (A.1)~(A4,4) and (A.6), if <k, m) is an efficient equitable
path from (k, m)>0, then

(40) sup G, r, < ©
t>0

41) y1—G,ri]—/0 as t—> ©
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(42) [(l;+1—G,_,r]— 0 as t— o0S.

Proor. By Proposition 2, (k, m) is interior; hence, the magnitudes in (40),
(41) and (42) are well defined.

By (A.6), there is 0<f<1, such that rG,<0G(k, r, 1) for all (k, r)»0. By
Proposition 6, (31) holds. Hence, for t>0, I,,; <G, r,<0G(k, r, 1)<O0(I,.,+c;)
since ¢,=c; for t>1. Hence we have (1—0)I,,,<6¢c,, or, I,,;<[0/(1—0)]c,.
Hence, for t>0, G(k,, r, )=c;+1;,{ <c +[0/(1—0)]c, =[1/(1—6)]c,. Hence,
for t>0, G, r<0G(k, r, 1)<[0/(1—6)]c;, which proves (40). Now (41) and
(42) follow directly by using (37) and (38). O

7. SOME CONCLUDING OBSERVATIONS

This section is devoted to an informal discussion of a possible route to obtain
the results on Hartwick’s rule presented in Section 6, without making use of the
price-characterization theorem and assumption (A.4) or (A.4"). This approach
focuses on the isoquants of the value function D(k, m), and its relation to the
isoquants of the production function F(k, r, 1).

Suppose from (kq, m,) there is a sequence of stocks <{k,, m,> giving a feasible
and efficient stream of consumption ¢,=c¢>0 for t>1. Then from (k’, m")=
k', mg+r'—ry), where F(k', ¥', 1)=F(ky, 9, 1), we can sustain ¢,>c for all ¢,
since out of the gross output, F(k’, ', 1), we can consume ¢ and leave k; and m;,
as on the original path, for future use. The set of (k’, m’) so defined, which is
the isoquant of F(k, r, 1) passing through (k, o) translated by (0, my—r) lies
above the isoquant of D(k, m) passing through (ko, my). [By the isoquant of
D(k, m), we mean the lower boundary of the set of (k, m) with D(k, m)>c.]

Since both curves are convex, hence D(k, m) has differentiable isoquants with
slope= —[F kg, 1o, 1)/Fi(ko, ro, 1)]. Since along the given efficient equitable
path (k,, m,) are points on this isoquant of D(k, m), the slope of the chord= —
[(ky 1 —k)/(m,—m, )] is larger (smaller) than the slope of the D(k, m) isoquant
at [k, 1, myy1]([k,, m,]). This means

(43) G. = Fr:+1 > (kt+1_kt) — (kt+1_kt) 2L=G

. > L .
R S (m,—myyy) Fy F,, -1

Furthermore, if G is strictly concave in (k, r), then a convex combination of two
feasible paths will yield more than the convex combination of their respective
consumption in each period. Hence, the isoquant of D(k, m) passing through
(ko, mg) will be strictly concave, and hence the weak inequalities in (43) will be

¢ It may be noted that this is quite different from saying that the present value of investment
(in capital) is asymptotically the same as the value of disinvestment of resources, i.e., p,I,—
q.(m,—m,,,)—0 as t—oo (see also footnotes 4 and 5). This will be trivially true in our case
since by Proposition 5, p,k,+q,m,—0 along non-trivial efficient equitable paths. We are
demonstrating the stronger proposition that investment in physical units is asympototically the
same as the resource rents, neither of which is zero in the limit.
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replaced by strict inequalities. Now, clearly, the results of Section 6 depend
only on obtaining (43), or its strict inequality analogue. Hence, all the results
of that section can be obtained without the price characterization result, and hence,
without using (A.4) or (A.4"). It may be noted that we were using only competi-
tiveness of non-trivial efficient equitable paths, (not the transversaliy condition),
and this follows from interiority (and efficiency) which only requires (A.1)-(A.3)
and not (A.4) or (A.4).

Dalhousie University, Canada
and
State University of New York at Stony Brook and Cornell University, U.S. A.
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